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Abstract—Coding for distributed computing supports low-
latency computation by relieving the burden of straggling work-
ers. While most existing works assume a simple master-worker
model, we consider a hierarchical computational structure con-
sisting of groups of workers, motivated by the need to reflect the
architectures of real-world distributed computing systems. In this
work, we propose a hierarchical coding scheme for this model,
as well as analyze its decoding cost and expected computation
time. Specifically, we first provide upper and lower bounds on the
expected computing time of the proposed scheme. We also show
that our scheme enables efficient parallel decoding, thus reducing
decoding costs by orders of magnitude over non-hierarchical
schemes. When considering both decoding cost and computing
time, the proposed hierarchical coding is shown to outperform
existing schemes in many practical scenarios.

I. INTRODUCTION

Enabling large-scale computations for big data analytics,
distributed computing systems have received significant atten-
tion in recent years [1]. The distributed computing system
divides a computational task to a number of subtasks, each
of which is allocated to a different worker. This helps reduce
computing time by exploiting parallel computing options and
thus enables handling of large-scale computing tasks.

In a distributed computing system, the “stragglers”, which
refers to the computing nodes that slow down in some random
fashion due to a variety of factors, may increase the total
runtime of the computing system. To address this problem,
the notion of coded computation is introduced in [2] where an
(n, k) maximum distance separable (MDS) code is employed
to speed up distributed matrix multiplications. The authors
show that for linear computing tasks, one can design n dis-
tributed computing tasks such that any k out of n tasks suffice
to complete the assigned task. Since then, coded computation
has been applied to a wide variety of task scenarios such
as matrix-matrix multiplication [3], [4], distributed gradient
computation [5]–[8], convolution [9], Fourier transform [10]
and matrix sparsification [11], [12].

While the idea of coded computation has been studied in
various settings, existing works have not taken into account
the underlying hierarchical nature of practical distributed
systems [13]–[15]. In modern distributed computing systems,
each group of workers is collocated in the same rack, which
contains a Top of Rack (ToR) switch, and cross-rack communi-
cation is available only via these ToR switches. Surveys on real
cloud computing systems show that cross-rack communication
through the ToR switches is highly unstable due to the limited
bandwidth, whereas intra-rack communication is faster and
more reliable [14], [15]. A natural question is whether one
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Fig. 1. Illustration of the hierarchical computing system

can devise a coded computation scheme that exploits such
hierarchical structure.

A. Contribution

In this work, we first model a distributed computing system
with a tree-like hierarchical structure illustrated in Fig. 1,
which is inspired by the practical computing systems in [13]–
[15]. The workers (denoted by “W”) are divided into groups,
each of which has a submaster (denoted by “SM”). Each
submaster sends the computational result of its group to the
master (denoted by “M”). The suggested model can be viewed
as a generalization of the existing non-hierarchical coded
computation.

In this framework, we propose a hierarchical coding scheme
which employs an (n

(i)
1 , k

(i)
1 ) MDS code within group i and

another (n2, k2) outer MDS code across the groups as depicted
in Fig. 2. We also develop a parallel decoding algorithm
which exploits the concatenated code structure and allows low
complexity.

Moreover, we analyze the latency performance of our pro-
posed solution. It turns out that the latency performance of
our scheme cannot be analyzed via simple order statistics as in
other existing schemes. Here we resort to find lower and upper
bounds on the average latency performance: Our upper bound
relies on concentration inequalities, and our lower bound is
obtained via constructing and analyzing an auxiliary Markov
chain.

B. Related Work

Previous works on coded computation have rarely consid-
ered the inherent hierarchical structure of most real-world
systems. Whereas a very recent work [16] deals with the multi-
rack computing system reflecting imbalance between intra-
and cross-rack communications, it is based on the settings
of the coded MapReduce architecture which do not include
general linear computation tasks that we focus on in this work.
Another distinction is that the analysis of [16] includes only
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<latexit sha1_base64="S4RxOGAETDTnh2Co31uu3xP04ts=">AAAB8XicbVA9SwNBEJ3zM8aoUUubxSBECOEujZYBG8sEzAcmx7G32UuW7O4du3tCOPIbbGwslGDrv7Hz37j5KDTxwcDjvRlm5oUJZ9q47reztb2zu7efO8gfFo6OT4qnZ20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvHd3O88UaVZLB/MJKG+wEPJIkawsdJjWQa1ChoHteugWHKr7gJok3grUqoXnpszAGgExa/+ICapoNIQjrXueW5i/Awrwwin03w/1TTBZIyHtGepxIJqP1tcPEVXVhmgKFa2pEEL9fdEhoXWExHaToHNSK97c/E/r5ea6NbPmExSQyVZLopSjkyM5u+jAVOUGD6xBBPF7K2IjLDCxNiQ8jYEb/3lTdKuVT236jVtGhVYIgcXcAll8OAG6nAPDWgBAQkv8AbvjnZenZnzsWzdclYz5/AHzucP3G2RKA==</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="yzRT3P5WIukj/LXCUJXvJ+Cu6M0=">AAAB5nicbZDNSgMxFIXv1L9aq1a3boJFqCBlphtdCm5cVrA/2A5DJs20oZnMkNwRytC3cONCER/JnW9jpu1CWw8EPs5JyL0nTKUw6LrfTmlre2d3r7xfOageHh3XTqpdk2Sa8Q5LZKL7ITVcCsU7KFDyfqo5jUPJe+H0rsh7z1wbkahHnKXcj+lYiUgwitZ6aqigdUWmQesyqNXdprsQ2QRvBXVYqR3UvoajhGUxV8gkNWbguSn6OdUomOTzyjAzPKVsSsd8YFHRmBs/X0w8JxfWGZEo0fYoJAv394ucxsbM4tDejClOzHpWmP9lgwyjGz8XKs2QK7b8KMokwYQU65OR0JyhnFmgTAs7K2ETqilDW1LFluCtr7wJ3VbTc5vegwtlOINzaIAH13AL99CGDjBQ8AJv8O4Y59X5WNZVcla9ncIfOZ8/STSOGg==</latexit><latexit sha1_base64="yzRT3P5WIukj/LXCUJXvJ+Cu6M0=">AAAB5nicbZDNSgMxFIXv1L9aq1a3boJFqCBlphtdCm5cVrA/2A5DJs20oZnMkNwRytC3cONCER/JnW9jpu1CWw8EPs5JyL0nTKUw6LrfTmlre2d3r7xfOageHh3XTqpdk2Sa8Q5LZKL7ITVcCsU7KFDyfqo5jUPJe+H0rsh7z1wbkahHnKXcj+lYiUgwitZ6aqigdUWmQesyqNXdprsQ2QRvBXVYqR3UvoajhGUxV8gkNWbguSn6OdUomOTzyjAzPKVsSsd8YFHRmBs/X0w8JxfWGZEo0fYoJAv394ucxsbM4tDejClOzHpWmP9lgwyjGz8XKs2QK7b8KMokwYQU65OR0JyhnFmgTAs7K2ETqilDW1LFluCtr7wJ3VbTc5vegwtlOINzaIAH13AL99CGDjBQ8AJv8O4Y59X5WNZVcla9ncIfOZ8/STSOGg==</latexit><latexit sha1_base64="QXrW8aegC8e27sYLRxfy2m7ViCI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahQilJL3osePFYwbZiG8JmO22XbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmhYng2rjut1PY2Nza3inulvb2Dw6PyscnHR2nimGbxSJWDyHVKLjEtuFG4EOikEahwG44uZn73SdUmsfy3kwT9CM6knzIGTVWeqzKoFEjk6BxGZQrbt1dgKwTLycVyNEKyl/9QczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxYXz8iFVQZkGCtb0pCF+nsio5HW0yi0nRE1Y73qzcX/vF5qhtd+xmWSGpRsuWiYCmJiMn+fDLhCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10mnUffcunfnVpq1PI4inME5VMGDK2jCLbSgDQwkPMMrvDnaeXHenY9la8HJZ07hD5zPH2+cj1w=</latexit><latexit sha1_base64="QXrW8aegC8e27sYLRxfy2m7ViCI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahQilJL3osePFYwbZiG8JmO22XbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmhYng2rjut1PY2Nza3inulvb2Dw6PyscnHR2nimGbxSJWDyHVKLjEtuFG4EOikEahwG44uZn73SdUmsfy3kwT9CM6knzIGTVWeqzKoFEjk6BxGZQrbt1dgKwTLycVyNEKyl/9QczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxYXz8iFVQZkGCtb0pCF+nsio5HW0yi0nRE1Y73qzcX/vF5qhtd+xmWSGpRsuWiYCmJiMn+fDLhCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10mnUffcunfnVpq1PI4inME5VMGDK2jCLbSgDQwkPMMrvDnaeXHenY9la8HJZ07hD5zPH2+cj1w=</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="KIEAl3f7sxjCF1GNq0AFO18DhCo=">AAAB8XicbVBNS8NAEJ3Ur1qrVj0KsliECqUkveix4MVjC/YD2xA22027dLMJuxuhhP4GL14UFPGqv8abf0bcfhy09cHA470ZZub5MWdK2/aXlVlb39jcym7ndvK7e/uFg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3R1dRv31GpWCRu9DimbogHggWMYG2k25LwqmU08qrnXqFoV+wZ0CpxFqRYy983Pp6+T+pe4bPXj0gSUqEJx0p1HTvWboqlZoTTSa6XKBpjMsID2jVU4JAqN51dPEFnRumjIJKmhEYz9fdEikOlxqFvOkOsh2rZm4r/ed1EB5duykScaCrIfFGQcKQjNH0f9ZmkRPOxIZhIZm5FZIglJtqElDMhOMsvr5JWteLYFadh0ijDHFk4hlMogQMXUINrqEMTCAh4gGd4sZT1aL1ab/PWjLWYOYI/sN5/ADZakuo=</latexit><latexit sha1_base64="QXrW8aegC8e27sYLRxfy2m7ViCI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahQilJL3osePFYwbZiG8JmO22XbjZhdyOU0H/hxYMiXv033vw3btsctPXBwOO9GWbmhYng2rjut1PY2Nza3inulvb2Dw6PyscnHR2nimGbxSJWDyHVKLjEtuFG4EOikEahwG44uZn73SdUmsfy3kwT9CM6knzIGTVWeqzKoFEjk6BxGZQrbt1dgKwTLycVyNEKyl/9QczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxYXz8iFVQZkGCtb0pCF+nsio5HW0yi0nRE1Y73qzcX/vF5qhtd+xmWSGpRsuWiYCmJiMn+fDLhCZsTUEsoUt7cSNqaKMmNDKtkQvNWX10mnUffcunfnVpq1PI4inME5VMGDK2jCLbSgDQwkPMMrvDnaeXHenY9la8HJZ07hD5zPH2+cj1w=</latexit>

w(1, 1)
<latexit sha1_base64="5zj1f0i+CHtOUdLAzsVgVzZK6n8=">AAAB7XicbVBNSwMxEJ2tX7VWrXr0EixChVI2XvRY8OKxBfsBtZRsmm1js8mSZJWy9DfoxYMi4s3/481/Y/px0NYHA4/3ZpiZF8SCG+v7315mbX1jcyu7ndvJ7+7tFw4Om0YlmrIGVULpdkAME1yyhuVWsHasGYkCwVrB6Grqt+6ZNlzJGzuOWTciA8lDTol1UvOhhMv4rFco+hV/BrRK8IIUq/nH+gcA1HqFr9u+oknEpKWCGNPBfmy7KdGWU8EmudvEsJjQERmwjqOSRMx009m1E3TqlD4KlXYlLZqpvydSEhkzjgLXGRE7NMveVPzP6yQ2vOymXMaJZZLOF4WJQFah6euozzWjVowdIVRzdyuiQ6IJtS6gnAsBL7+8SprnFexXcN2lUYY5snAMJ1ACDBdQhWuoQQMo3METvMCrp7xn7817n7dmvMXMEfyB9/kDWGiPvg==</latexit><latexit sha1_base64="tsvxHOPQyHVUBWAdlGxJVbQTMbg=">AAAB7XicbVBNSwMxEJ2tX7VWrXoUJFiECqVsvOix4MVjC/YD2qVk07SNzWaXJKuUpb9BLx4s4tWLv8abf0ZMPw7a+mDg8d4MM/P8SHBtXPfLSa2tb2xupbczO9ndvf3cwWFdh7GirEZDEaqmTzQTXLKa4UawZqQYCXzBGv7weuo37pnSPJS3ZhQxLyB9yXucEmOl+kMBF/F5J5d3S+4MaJXgBcmXs4/Vj8n3SaWT+2x3QxoHTBoqiNYt7EbGS4gynAo2zrRjzSJCh6TPWpZKEjDtJbNrx+jMKl3UC5UtadBM/T2RkEDrUeDbzoCYgV72puJ/Xis2vSsv4TKKDZN0vqgXC2RCNH0ddbli1IiRJYQqbm9FdEAUocYGlLEh4OWXV0n9ooTdEq7aNIowRxqO4RQKgOESynADFagBhTt4gheYOKHz7Lw6b/PWlLOYOYI/cN5/ALJGkYA=</latexit><latexit sha1_base64="tsvxHOPQyHVUBWAdlGxJVbQTMbg=">AAAB7XicbVBNSwMxEJ2tX7VWrXoUJFiECqVsvOix4MVjC/YD2qVk07SNzWaXJKuUpb9BLx4s4tWLv8abf0ZMPw7a+mDg8d4MM/P8SHBtXPfLSa2tb2xupbczO9ndvf3cwWFdh7GirEZDEaqmTzQTXLKa4UawZqQYCXzBGv7weuo37pnSPJS3ZhQxLyB9yXucEmOl+kMBF/F5J5d3S+4MaJXgBcmXs4/Vj8n3SaWT+2x3QxoHTBoqiNYt7EbGS4gynAo2zrRjzSJCh6TPWpZKEjDtJbNrx+jMKl3UC5UtadBM/T2RkEDrUeDbzoCYgV72puJ/Xis2vSsv4TKKDZN0vqgXC2RCNH0ddbli1IiRJYQqbm9FdEAUocYGlLEh4OWXV0n9ooTdEq7aNIowRxqO4RQKgOESynADFagBhTt4gheYOKHz7Lw6b/PWlLOYOYI/cN5/ALJGkYA=</latexit><latexit sha1_base64="ZgYQDLh+Mlh1Q2wGO1v13FFrv3k=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJUKGXjRY8FLx4r2A9ol5JNs21sNlmSrFKW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vbX1jc2t7cJOcXdv/+CwdHTcMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HNzO//ci04Ure20nCgpgMJY84JdZJracKruKLfqns1/w50CrBOSlDjka/9NUbKJrGTFoqiDFd7Cc2yIi2nAo2LfZSwxJCx2TIuo5KEjMTZPNrp+jcKQMUKe1KWjRXf09kJDZmEoeuMyZ2ZJa9mfif101tdB1kXCapZZIuFkWpQFah2etowDWjVkwcIVRzdyuiI6IJtS6gogsBL7+8SlqXNezX8J1frlfzOApwCmdQAQxXUIdbaEATKDzAM7zCm6e8F+/d+1i0rnn5zAn8gff5A+uIjfI=</latexit>

w(1, 2)
<latexit sha1_base64="e7mjJn6L0eyxB7XsR2IIGKKeXVM=">AAAB7XicbVBNSwMxEJ2tX7VWrXr0EixChVJ2e9FjwYvHFuwHtEvJptk2NpssSVYpS3+DXjwoIt78P978N6YfB219MPB4b4aZeUHMmTau++1kNja3tneyu7m9/P7BYeHouKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjK9nfvueKs2kuDWTmPoRHgoWMoKNlVoPJa9cvegXim7FnQOtE29JirX8Y+MDAOr9wldvIEkSUWEIx1p3PTc2foqVYYTTaa6XaBpjMsZD2rVU4IhqP51fO0XnVhmgUCpbwqC5+nsixZHWkyiwnRE2I73qzcT/vG5iwis/ZSJODBVksShMODISzV5HA6YoMXxiCSaK2VsRGWGFibEB5WwI3urL66RVrXhuxWvYNMqwQBZO4QxK4MEl1OAG6tAEAnfwBC/w6kjn2Xlz3hetGWc5cwJ/4Hz+AFntj78=</latexit><latexit sha1_base64="5qEErQliAgTs1213cEncTRSTyeM=">AAAB7XicbVBNSwMxEJ2tX7VWrXoUJFiECqXs9qLHghePLdgPaJeSTdM2NpssSVYpS3+DXjxYxKsXf403/4yYfhy0+mDg8d4MM/OCiDNtXPfTSa2tb2xupbczO9ndvf3cwWFDy1gRWieSS9UKsKacCVo3zHDaihTFYcBpMxhdzfzmHVWaSXFjxhH1QzwQrM8INlZq3Be8Yvm8m8u7JXcO9Jd4S5KvZB9q79Ovk2o399HpSRKHVBjCsdZtz42Mn2BlGOF0kunEmkaYjPCAti0VOKTaT+bXTtCZVXqoL5UtYdBc/TmR4FDrcRjYzhCboV71ZuJ/Xjs2/Us/YSKKDRVksagfc2Qkmr2OekxRYvjYEkwUs7ciMsQKE2MDytgQvNWX/5JGueS5Ja9m0yjCAmk4hlMogAcXUIFrqEIdCNzCIzzD1JHOk/PivC5aU85y5gh+wXn7BrPLkYE=</latexit><latexit sha1_base64="5qEErQliAgTs1213cEncTRSTyeM=">AAAB7XicbVBNSwMxEJ2tX7VWrXoUJFiECqXs9qLHghePLdgPaJeSTdM2NpssSVYpS3+DXjxYxKsXf403/4yYfhy0+mDg8d4MM/OCiDNtXPfTSa2tb2xupbczO9ndvf3cwWFDy1gRWieSS9UKsKacCVo3zHDaihTFYcBpMxhdzfzmHVWaSXFjxhH1QzwQrM8INlZq3Be8Yvm8m8u7JXcO9Jd4S5KvZB9q79Ovk2o399HpSRKHVBjCsdZtz42Mn2BlGOF0kunEmkaYjPCAti0VOKTaT+bXTtCZVXqoL5UtYdBc/TmR4FDrcRjYzhCboV71ZuJ/Xjs2/Us/YSKKDRVksagfc2Qkmr2OekxRYvjYEkwUs7ciMsQKE2MDytgQvNWX/5JGueS5Ja9m0yjCAmk4hlMogAcXUIFrqEIdCNzCIzzD1JHOk/PivC5aU85y5gh+wXn7BrPLkYE=</latexit><latexit sha1_base64="NeybXcJwwf2olWLqoKg7JDOYqnc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCCSG7XPRI4sUjJrKQwIZ0Sxcq3XbTdjVkw3/w4kFjvPp/vPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+f+FqmitA2kVyqbog15UzQtmGG026iKI5DTjvh5Gbudx6p0kyKezNNaBDjkWARI9hYyX+qerXG5aBccevuAmideDmpQI7WoPzVH0qSxlQYwrHWPc9NTJBhZRjhdFbqp5ommEzwiPYsFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+Xmug6yJhIUkMFWS6KUo6MRPPX0ZApSgyfWoKJYvZWRMZYYWJsQCUbgrf68jrxG3XPrXt3bqVZy+MowhmcQxU8uIIm3EIL2kDgAZ7hFd4c6bw4787HsrXg5DOn8AfO5w/tDY3z</latexit>

w(1, n
(1)
1 )

<latexit sha1_base64="kPuxfF5O6RbhZKr+pMMOg5FOYP4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoOQQAg7XvQY8OIxgnlAsgmzk9lkyOzsMjNrCEv+w4ugIl79F2/+jDh5HDSxoKGo6qa7y48F18Z1v5zMxubW9k52N7e3f3B4lD8+aegoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH93M/OYDU5pH8t5MYuaFZCB5wCkxVuqOi7gse7ibFnFpWurlC27FnQOtE7wkheqh+H4GgFov/9npRzQJmTRUEK3b2I2NlxJlOBVsmuskmsWEjsiAtS2VJGTaS+dXT9GFVfooiJQtadBc/T2RklDrSejbzpCYoV71ZuJ/XjsxwbWXchknhkm6WBQkApkIzSJAfa4YNWJiCaGK21sRHRJFqLFB5WwIePXlddK4rGC3gu9sGmVYIAtncA5FwHAFVbiFGtSBgoJHeIFXZ+w8OW/O+6I14yxnTuEPnI8fVYSTPw==</latexit><latexit sha1_base64="68LB57JsyapCWZ2g/n/8PFRaBPg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoOQQAg7XvQY8OIxgnlAsgmzk0kyZHZ2mZk1hCX/IYgHRbz6L978BI/+gDh5HDSxoKGo6qa7y48E18Z1P5zU2vrG5lZ6O7Ozu7d/kD08qukwVpRVaShC1fCJZoJLVjXcCNaIFCOBL1jdH15N/fodU5qH8taMI+YFpC95j1NirNQe5XFRdnA7yePCpNDJ5tySOwNaJXhBcuV98f2QfH1WOtn3VjekccCkoYJo3cRuZLyEKMOpYJNMK9YsInRI+qxpqSQB014yu3qCzqzSRb1Q2ZIGzdTfEwkJtB4Hvu0MiBnoZW8q/uc1Y9O79BIuo9gwSeeLerFAJkTTCFCXK0aNGFtCqOL2VkQHRBFqbFAZGwJefnmV1M5L2C3hG5tGEeZIwwmcQh4wXEAZrqECVaCg4B6e4NkZOY/Oi/M6b005i5lj+APn7QdsGZWP</latexit><latexit sha1_base64="68LB57JsyapCWZ2g/n/8PFRaBPg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoOQQAg7XvQY8OIxgnlAsgmzk0kyZHZ2mZk1hCX/IYgHRbz6L978BI/+gDh5HDSxoKGo6qa7y48E18Z1P5zU2vrG5lZ6O7Ozu7d/kD08qukwVpRVaShC1fCJZoJLVjXcCNaIFCOBL1jdH15N/fodU5qH8taMI+YFpC95j1NirNQe5XFRdnA7yePCpNDJ5tySOwNaJXhBcuV98f2QfH1WOtn3VjekccCkoYJo3cRuZLyEKMOpYJNMK9YsInRI+qxpqSQB014yu3qCzqzSRb1Q2ZIGzdTfEwkJtB4Hvu0MiBnoZW8q/uc1Y9O79BIuo9gwSeeLerFAJkTTCFCXK0aNGFtCqOL2VkQHRBFqbFAZGwJefnmV1M5L2C3hG5tGEeZIwwmcQh4wXEAZrqECVaCg4B6e4NkZOY/Oi/M6b005i5lj+APn7QdsGZWP</latexit><latexit sha1_base64="JOfqPcUFHCY6imk/3cV4i9Wn6rA=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahhVI2XvRY8OKxgv2AdluyabYNzWaXJGspS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZ58eCa+O6305ua3tndy+/Xzg4PDo+KZ6etXSUKMqaNBKR6vhEM8ElaxpuBOvEipHQF6ztT+4WfvuJKc0j+WhmMfNCMpI84JQYK/WnZVyVA9xPy7gyrwyKJbfmLoE2Cc5ICTI0BsWv3jCiScikoYJo3cVubLyUKMOpYPNCL9EsJnRCRqxrqSQh0166vHqOrqwyREGkbEmDlurviZSEWs9C33aGxIz1urcQ//O6iQluvZTLODFM0tWiIBHIRGgRARpyxagRM0sIVdzeiuiYKEKNDapgQ8DrL2+S1nUNuzX84Jbq1SyOPFzAJZQBww3U4R4a0AQKCp7hFd6cqfPivDsfq9ack82cwx84nz8sF5Dn</latexit>

w(2, n
(2)
1 )

<latexit sha1_base64="Q8mA+DjUAqJ0QpRxXg+Ji/BGB8k=">AAAB9XicbVBNS8NAEJ3Ur1q1Vj16WSxCC6Ukueix4MVjBfsBbVo22027dLMJuxtLCf0fXgQV8ep/8eafEbcfB219MPB4b4aZeX7MmdK2/WVltrZ3dvey+7mDw6P8ceHktKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3wz91sPVCoWiXs9jakX4qFgASNYG6k3KbkV0Xd6acktz8r9QtGu2gugTeKsSLGW59/PAFDvFz67g4gkIRWacKxUx7Fj7aVYakY4neW6iaIxJmM8pB1DBQ6p8tLF1TN0aZQBCiJpSmi0UH9PpDhUahr6pjPEeqTWvbn4n9dJdHDtpUzEiaaCLBcFCUc6QvMI0IBJSjSfGoKJZOZWREZYYqJNUDkTgrP+8iZpulXHrjp3Jo0KLJGFc7iAEjhwBTW4hTo0gICER3iBV2tiPVlv1vuyNWOtZs7gD6yPH1iak0E=</latexit><latexit sha1_base64="5ZTAyWa7vCepBXotVBR5pPqX748=">AAAB9XicbVDLSgNBEOyNrxg1Rj16GQxCAiHs5qLHgBePEcwDkk2YncwmQ2Znl5lZQ1jyH4J4UMSr/+LNT/DoD4iTx0ETCxqKqm66u7yIM6Vt+8NKbWxube+kdzN7+wfZw9zRcUOFsSS0TkIeypaHFeVM0LpmmtNWJCkOPE6b3uhq5jfvqFQsFLd6ElE3wAPBfEawNlJ3XKiURM/pJoVKcVrs5fJ22Z4DrRNnSfLVLP9+SL4+a73ce6cfkjigQhOOlWo7dqTdBEvNCKfTTCdWNMJkhAe0bajAAVVuMr96is6N0kd+KE0Jjebq74kEB0pNAs90BlgP1ao3E//z2rH2L92EiSjWVJDFIj/mSIdoFgHqM0mJ5hNDMJHM3IrIEEtMtAkqY0JwVl9eJ41K2bHLzo1JowQLpOEUzqAADlxAFa6hBnUgIOEenuDZGluP1ov1umhNWcuZE/gD6+0Hby+VkQ==</latexit><latexit sha1_base64="5ZTAyWa7vCepBXotVBR5pPqX748=">AAAB9XicbVDLSgNBEOyNrxg1Rj16GQxCAiHs5qLHgBePEcwDkk2YncwmQ2Znl5lZQ1jyH4J4UMSr/+LNT/DoD4iTx0ETCxqKqm66u7yIM6Vt+8NKbWxube+kdzN7+wfZw9zRcUOFsSS0TkIeypaHFeVM0LpmmtNWJCkOPE6b3uhq5jfvqFQsFLd6ElE3wAPBfEawNlJ3XKiURM/pJoVKcVrs5fJ22Z4DrRNnSfLVLP9+SL4+a73ce6cfkjigQhOOlWo7dqTdBEvNCKfTTCdWNMJkhAe0bajAAVVuMr96is6N0kd+KE0Jjebq74kEB0pNAs90BlgP1ao3E//z2rH2L92EiSjWVJDFIj/mSIdoFgHqM0mJ5hNDMJHM3IrIEEtMtAkqY0JwVl9eJ41K2bHLzo1JowQLpOEUzqAADlxAFa6hBnUgIOEenuDZGluP1ov1umhNWcuZE/gD6+0Hby+VkQ==</latexit><latexit sha1_base64="8ruBEIM7AZSc2XtNAe7kt5iDXwE=">AAAB9XicbVBNSwMxEJ34WetX1aOXYBFaKGW3Fz0WvHisYD+g3ZZsmm1Ds9klyVrK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbm+bHg2jjON9ra3tnd288d5A+Pjk9OC2fnLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv7k7uF335iSvNIPppZzLyQjCQPOCXGSv1pqVaRA7eflmrleXlQKDpVZwm8SdyMFCFDY1D46g0jmoRMGiqI1l3XiY2XEmU4FWye7yWaxYROyIh1LZUkZNpLl1fP8bVVhjiIlC1p8FL9PZGSUOtZ6NvOkJixXvcW4n9eNzHBrZdyGSeGSbpaFCQCmwgvIsBDrhg1YmYJoYrbWzEdE0WosUHlbQju+subpFWruk7VfXCK9UoWRw4u4QpK4MIN1OEeGtAECgqe4RXe0BS9oHf0sWrdQtnMBfwB+vwBLy2Q6Q==</latexit>

w(n2, n
(n2)
1 )

<latexit sha1_base64="i5j4Sw4FcLWh4VAsFz6iVsNN4Oc=">AAAB+3icbZDNSsNAFIVv6l+tWmNdugkWoYVSkm50WXDjsoL9gTaGyXTaDp1MwsxELSGvIoILRdz6Iu58GXHSdqGtBwY+zr2Xe+f4EaNS2faXkdvY3Nreye8W9vYPiofmUakjw1hg0sYhC0XPR5IwyklbUcVILxIEBT4jXX96mdW7d0RIGvIbNYuIG6AxpyOKkdKWZ5buK9xr1Ljn3CYZVdOqZ5btuj2XtQ7OEsrNIvt+AoCWZ34OhiGOA8IVZkjKvmNHyk2QUBQzkhYGsSQRwlM0Jn2NHAVEusn89tQ6087QGoVCP66suft7IkGBlLPA150BUhO5WsvM/2r9WI0u3ITyKFaE48WiUcwsFVpZENaQCoIVm2lAWFB9q4UnSCCsdFwFHYKz+uV16DTqjl13rnUaNVgoDydwChVw4ByacAUtaAOGB3iEF3g1UuPZeDPeF605YzlzDH9kfPwA6MGVNA==</latexit><latexit sha1_base64="5JH2zQX3oXMw+22+SAs8jNBKFD0=">AAAB+3icbZDNSsNAFIUn9a9WrbEu3QwWoYVSkm50WXDjsoL9gTaGyXTSDp1MwsxELSFPIrhxoYhbX8Sdj+DSFxAnbRfaemDg49x7uXeOFzEqlWV9GLm19Y3Nrfx2YWd3r7hvHpQ6MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUm51m9e0OEpCG/UtOIOAEacepTjJS2XLN0W+Fuo8Zd+zrJqJpWXbNs1a2Z4CrYCyg3i+z7Pvn6bLnm+2AY4jggXGGGpOzbVqScBAlFMSNpYRBLEiE8QSPS18hRQKSTzG5P4Yl2htAPhX5cwZn7eyJBgZTTwNOdAVJjuVzLzP9q/Vj5Z05CeRQrwvF8kR8zqEKYBQGHVBCs2FQDwoLqWyEeI4Gw0nEVdAj28pdXodOo21bdvtRp1MBceXAEjkEF2OAUNMEFaIE2wOAOPIAn8GykxqPxYrzOW3PGYuYQ/JHx9gP/VpeE</latexit><latexit sha1_base64="5JH2zQX3oXMw+22+SAs8jNBKFD0=">AAAB+3icbZDNSsNAFIUn9a9WrbEu3QwWoYVSkm50WXDjsoL9gTaGyXTSDp1MwsxELSFPIrhxoYhbX8Sdj+DSFxAnbRfaemDg49x7uXeOFzEqlWV9GLm19Y3Nrfx2YWd3r7hvHpQ6MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUm51m9e0OEpCG/UtOIOAEacepTjJS2XLN0W+Fuo8Zd+zrJqJpWXbNs1a2Z4CrYCyg3i+z7Pvn6bLnm+2AY4jggXGGGpOzbVqScBAlFMSNpYRBLEiE8QSPS18hRQKSTzG5P4Yl2htAPhX5cwZn7eyJBgZTTwNOdAVJjuVzLzP9q/Vj5Z05CeRQrwvF8kR8zqEKYBQGHVBCs2FQDwoLqWyEeI4Gw0nEVdAj28pdXodOo21bdvtRp1MBceXAEjkEF2OAUNMEFaIE2wOAOPIAn8GykxqPxYrzOW3PGYuYQ/JHx9gP/VpeE</latexit><latexit sha1_base64="1Vn9TIaKsqjytcC6CpsJ44MTCaE=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpJliEFkpJutFlwY3LCvYCbQyT6aQdOpmEmYlaQl7FjQtF3Poi7nwbJ20W2vrDwMd/zuGc+f2YUals+9vY2Nza3tkt7ZX3Dw6Pjs2TSk9GicCkiyMWiYGPJGGUk66iipFBLAgKfUb6/uw6r/cfiJA04ndqHhM3RBNOA4qR0pZnVh5r3Gs1uOfcpznVs7pnVu2mvZC1Dk4BVSjU8cyv0TjCSUi4wgxJOXTsWLkpEopiRrLyKJEkRniGJmSokaOQSDdd3J5ZF9oZW0Ek9OPKWri/J1IUSjkPfd0ZIjWVq7Xc/K82TFRw5aaUx4kiHC8XBQmzVGTlQVhjKghWbK4BYUH1rRaeIoGw0nGVdQjO6pfXoddqOnbTubWr7UYRRwnO4Bxq4MAltOEGOtAFDE/wDK/wZmTGi/FufCxbN4xi5hT+yPj8Ab9Uktw=</latexit>

w(n2, 2)
<latexit sha1_base64="VWP9O8GLPs7FKeVqTtR+kk1R70M=">AAAB73icbVBNSwMxEJ2tX7VWrXr0EixChVJ2e9FjwYvHFuwHtEvJptk2NMmuSVYpS3+D4MWDIr36d7z5b0w/Dtr6YODx3gwz84KYM21c99vJbG3v7O5l93MH+cOj48LJaUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw799uPVGkWyXsziakv8FCykBFsrNR5Ksl+tVy96heKbsVdAG0Sb0WKtfxzYwYA9X7hqzeISCKoNIRjrbueGxs/xcowwuk010s0jTEZ4yHtWiqxoNpPF/dO0aVVBiiMlC1p0EL9PZFiofVEBLZTYDPS695c/M/rJia88VMm48RQSZaLwoQjE6H582jAFCWGTyzBRDF7KyIjrDAxNqKcDcFbf3mTtKoVz614DZtGGZbIwjlcQAk8uIYa3EEdmkCAwwu8wbvz4Lw6H85s2ZpxVjNn8AfO5w/g9ZCh</latexit><latexit sha1_base64="tSDjgTCjMXAVEjNsMsTwCIK4yj8=">AAAB73icbVDLSgNBEOyNrxijRj0KMhiECCHs5qLHgBePCZgHJEuYncwmQ2ZnNzOzSljyDYIXQUW8Cn6NN39GnDwOmljQUFR1093lRZwpbdtfVmptfWNzK72d2cnu7u3nDg4bKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGV1O/eUulYqG40eOIugHuC+YzgrWRWncF0S0Xy+fdXN4u2TOgVeIsSL6Sva99PH2fVLu5z04vJHFAhSYcK9V27Ei7CZaaEU4nmU6saITJEPdp21CBA6rcZHbvBJ0ZpYf8UJoSGs3U3xMJDpQaB57pDLAeqGVvKv7ntWPtX7oJE1GsqSDzRX7MkQ7R9HnUY5ISzceGYCKZuRWRAZaYaBNRxoTgLL+8ShrlkmOXnJpJowhzpOEYTqEADlxABa6hCnUgwOEBnuHFGlmP1qv1Nm9NWYuZI/gD6/0HOuKSYw==</latexit><latexit sha1_base64="tSDjgTCjMXAVEjNsMsTwCIK4yj8=">AAAB73icbVDLSgNBEOyNrxijRj0KMhiECCHs5qLHgBePCZgHJEuYncwmQ2ZnNzOzSljyDYIXQUW8Cn6NN39GnDwOmljQUFR1093lRZwpbdtfVmptfWNzK72d2cnu7u3nDg4bKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGV1O/eUulYqG40eOIugHuC+YzgrWRWncF0S0Xy+fdXN4u2TOgVeIsSL6Sva99PH2fVLu5z04vJHFAhSYcK9V27Ei7CZaaEU4nmU6saITJEPdp21CBA6rcZHbvBJ0ZpYf8UJoSGs3U3xMJDpQaB57pDLAeqGVvKv7ntWPtX7oJE1GsqSDzRX7MkQ7R9HnUY5ISzceGYCKZuRWRAZaYaBNRxoTgLL+8ShrlkmOXnJpJowhzpOEYTqEADlxABa6hCnUgwOEBnuHFGlmP1qv1Nm9NWYuZI/gD6/0HOuKSYw==</latexit><latexit sha1_base64="goTKa1iNqXtyWC/u54OLzcK8jGw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQIYTdXPQY8OIxgnlAsoTZyWwyZHZ2nelVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOk9l1a9Vapf9YsmtunOQdeItSQmWaPSLX71BzNKIK2SSGtP13AT9jGoUTPJpoZcanlA2pkPetVTRiBs/m987JRdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfVm4n9eN8Xw2s+ESlLkii0WhakkGJPZ82QgNGcoJ5ZQpoW9lbAR1ZShjahgQ/BWX14nrVrVc6venVuqV5Zx5OEMzqEMHlxBHW6hAU1gIOEZXuHNeXBenHfnY9Gac5Yzp/AHzucPdCSO1Q==</latexit>

w(n2, 1)
<latexit sha1_base64="PNbE6kOtf49j8hzKLo/2WPQeJDo=">AAAB73icbVBNSwMxEJ3Ur1qrVj16CRahQim7veix4MVjC/YD2qVk02wbms2uSVYpS3+D4MWDIr36d7z5b0w/Dtr6YODx3gwz8/xYcG0c5xtltrZ3dvey+7mD/OHRceHktKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w799uPTGkeyXsziZkXkqHkAafEWKnzVJL9atm96heKTsVZAG8Sd0WKtfxzYwYA9X7hqzeIaBIyaaggWnddJzZeSpThVLBprpdoFhM6JkPWtVSSkGkvXdw7xZdWGeAgUrakwQv190RKQq0noW87Q2JGet2bi/953cQEN17KZZwYJulyUZAIbCI8fx4PuGLUiIklhCpub8V0RBShxkaUsyG46y9vkla14joVt2HTKMMSWTiHCyiBC9dQgzuoQxMoCHiBN3hHD+gVfaDZsjWDVjNn8Afo8wffcJCg</latexit><latexit sha1_base64="8OIlhB4+cInrs8QmWyoDv2WwmMU=">AAAB73icbVDLSgNBEOyNrxijRj0KMhiECCHs5qLHgBePCZgHJEuYncwmQ2ZnNzOzSljyDYIXQUW8Cn6NN39GnDwOmljQUFR1093lRZwpbdtfVmptfWNzK72d2cnu7u3nDg4bKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGV1O/eUulYqG40eOIugHuC+YzgrWRWncF0S0XnfNuLm+X7BnQKnEWJF/J3tc+nr5Pqt3cZ6cXkjigQhOOlWo7dqTdBEvNCKeTTCdWNMJkiPu0bajAAVVuMrt3gs6M0kN+KE0JjWbq74kEB0qNA890BlgP1LI3Ff/z2rH2L92EiSjWVJD5Ij/mSIdo+jzqMUmJ5mNDMJHM3IrIAEtMtIkoY0Jwll9eJY1yybFLTs2kUYQ50nAMp1AABy6gAtdQhToQ4PAAz/BijaxH69V6m7emrMXMEfyB9f4DOV2SYg==</latexit><latexit sha1_base64="8OIlhB4+cInrs8QmWyoDv2WwmMU=">AAAB73icbVDLSgNBEOyNrxijRj0KMhiECCHs5qLHgBePCZgHJEuYncwmQ2ZnNzOzSljyDYIXQUW8Cn6NN39GnDwOmljQUFR1093lRZwpbdtfVmptfWNzK72d2cnu7u3nDg4bKowloXUS8lC2PKwoZ4LWNdOctiJJceBx2vSGV1O/eUulYqG40eOIugHuC+YzgrWRWncF0S0XnfNuLm+X7BnQKnEWJF/J3tc+nr5Pqt3cZ6cXkjigQhOOlWo7dqTdBEvNCKeTTCdWNMJkiPu0bajAAVVuMrt3gs6M0kN+KE0JjWbq74kEB0qNA890BlgP1LI3Ff/z2rH2L92EiSjWVJD5Ij/mSIdo+jzqMUmJ5mNDMJHM3IrIAEtMtIkoY0Jwll9eJY1yybFLTs2kUYQ50nAMp1AABy6gAtdQhToQ4PAAz/BijaxH69V6m7emrMXMEfyB9f4DOV2SYg==</latexit><latexit sha1_base64="GddFN3QQRWZbNKu7dYZ/NclxkcM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQIYTdXPQY8OIxgnlAsoTZyWwyZHZ2nelVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89iPXRsTqHicJ9yM6VCIUjKKVOk9l1a9VvMt+seRW3TnIOvGWpARLNPrFr94gZmnEFTJJjel6boJ+RjUKJvm00EsNTygb0yHvWqpoxI2fze+dkgurDEgYa1sKyVz9PZHRyJhJFNjOiOLIrHoz8T+vm2J47WdCJSlyxRaLwlQSjMnseTIQmjOUE0so08LeStiIasrQRlSwIXirL6+TVq3quVXvzi3VK8s48nAG51AGD66gDrfQgCYwkPAMr/DmPDgvzrvzsWjNOcuZU/gD5/MHcp+O1A==</latexit>

w(2, 1)
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Fig. 2. Illustration of the proposed coding scheme applied to the hierarchical
computing system. An (n

(i)
1 , k

(i)
1 ) MDS code is employed within group i,

and an (n2, k2) MDS code is applied across the groups. w(i, j) denotes
worker j in group i.

the cross-rack redundancy whereas our analysis considers both
intra- and cross-group coding.

C. Notations

We use boldface uppercase letters for matrices and boldface
lowercase letters for vectors. The transpose of a matrix A is
denoted by AT . For a matrix A satisfying AT = [AT

1 AT
2 ],

we write A = [A1;A2]. For a positive integer n, the set
{1, 2, . . . , n} is denoted by [n]. The jth worker in group i is
represented by w(i, j) for i ∈ [n2] and j ∈ [n

(i)
1 ]. The symbol

brc indicates the largest integer less than or equal to a real
number r.

II. HIERARCHICAL CODED COMPUTATION

A. Proposed Coding Scheme

Consider a matrix-vector multiplication task, i.e., computing
Ax for a matrix A ∈ Rm×d and a vector x ∈ Rd×1.
The input matrix A is split into k2 submatrices as A =
[A1;A2; . . . ;Ak2 ], where Ai ∈ R

m
k2
×d for i ∈ [k2]. Here

we assume that m is divisible by k2 for simplicity. Then, we
apply an (n2, k2) MDS code to set {Ai}i∈[k2] in obtaining
{Ãi}i∈[n2]. Then, each coded matrix Ãi is further divided
into k(i)1 submatrices as Ãi = [Ãi,1; Ãi,2; . . . ; Ã

i,k
(i)
1

] where

Ãi,j ∈ R
m

k
(i)
1 k2

×d
for j ∈ [k

(i)
1 ] and m divisible by k

(i)
1 k2.

Afterwards, for each i ∈ [n2], we apply an (n
(i)
1 , k

(i)
1 ) MDS

code to set {Ãi,j}j∈[k(i)1 ]
to obtain {Âi,j}j∈[n(i)

1 ]
. Then, for

each i ∈ [n2] and j ∈ [n
(i)
1 ], worker w(i, j) computes

Âi,jx. Fig. 2 illustrates the proposed coding scheme for
the hierarchical computing system with a different number
of workers in each group. In the case of n(i)1 = n1 and
k
(i)
1 = k1 for all i ∈ [n2], we will refer this coding scheme as

(n1, k1)× (n2, k2) coded computation.
We present our code in Fig. 3 via a toy example. In this

example, (n1, k1) = (n2, k2) = (3, 2). That is, the input
matrix A = [A1;A2] is encoded via (n2, k2) = (3, 2) MDS
code, yielding [Ã1; Ã2; Ã1 + Ã2]. Afterwards, the matrix
Ãi = [Ãi,1; Ãi,2] is encoded via an (n1, k1) = (3, 2)
MDS code, producing [Âi,1; Âi,2; Âi,1+Âi,2]. For notational
simplicity, we define Ã3 = Ã1 +Ã2 and Âi,3 = Âi,1 +Âi,2.

Group 2

Group 1 bA1,1x
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bA1,2x
<latexit sha1_base64="NsV33vvx4pSthJvsvSvA/c5vY9A=">AAACI3icbVDLSsNAFL3xWesr6tJN8AEuSkm60WXFjRuxgn1AW8pkOrGDk0yYuVFLyA/4H+7d6i+4EzcuBJd+hpNWQasHBg7n3NccPxZco+u+WlPTM7Nz84WF4uLS8sqqvbbe0DJRlNWpFFK1fKKZ4BGrI0fBWrFiJPQFa/qXR7nfvGJKcxmd4zBm3ZBcRDzglKCRevZO55r32YBg2gkJDvwgPcyyXuqVKtm3cJP17G237I7g/CXeF9mu2ien7wBQ69kfnb6kScgipIJo3fbcGLspUcipYFmxk2gWE3pJLljb0IiETHfT0W8yZ9cofSeQyrwInZH6syMlodbD0DeV+YV60svF/7x2gsFBN+VRnCCL6HhRkAgHpZNH4/S5YhTF0BBCFTe3OnRAFKFoAvy1JZ+NUgqdR+NNBvGXNCplzy17ZyajEoxRgE3Ygj3wYB+qcAw1qAOFW7iHB3i07qwn69l6GZdOWV89G/AL1tsnHE2n9g==</latexit><latexit sha1_base64="rKAua17AWRFFP3JvzDOQbJfnn6g=">AAACI3icbVDLSsNAFJ34rPUVdekmWAUXUhI3Cm4UN27ECvaBbSiTyaQdOsmEmRu1hPyA/+Herf6CO3HjQtz6GU7aCtZ6YOBwzn3N8WLOFNj2uzE1PTM7N19YKC4uLa+smmvrNSUSSWiVCC5kw8OKchbRKjDgtBFLikOP07rXO839+g2VionoCvoxdUPciVjACAYttc3t1i3zaRdD2goxdL0gPcmydurs7Wc/wl3WNkt22R7AmiTOiJSOzfOLzyP/utI2v1q+IElIIyAcK9V07BjcFEtghNOs2EoUjTHp4Q5tahrhkCo3Hfwms3a04luBkPpFYA3U3x0pDpXqh56uzC9Uf71c/M9rJhAcuimL4gRoRIaLgoRbIKw8GstnkhLgfU0wkUzfapEulpiADnBsSz4bhOAqj8b5G8Qkqe2XHbvsXOqM9tAQBbSJttAuctABOkZnqIKqiKB79Iie0LPxYLwYr8bbsHTKGPVsoDEYH99826ju</latexit><latexit sha1_base64="rKAua17AWRFFP3JvzDOQbJfnn6g=">AAACI3icbVDLSsNAFJ34rPUVdekmWAUXUhI3Cm4UN27ECvaBbSiTyaQdOsmEmRu1hPyA/+Herf6CO3HjQtz6GU7aCtZ6YOBwzn3N8WLOFNj2uzE1PTM7N19YKC4uLa+smmvrNSUSSWiVCC5kw8OKchbRKjDgtBFLikOP07rXO839+g2VionoCvoxdUPciVjACAYttc3t1i3zaRdD2goxdL0gPcmydurs7Wc/wl3WNkt22R7AmiTOiJSOzfOLzyP/utI2v1q+IElIIyAcK9V07BjcFEtghNOs2EoUjTHp4Q5tahrhkCo3Hfwms3a04luBkPpFYA3U3x0pDpXqh56uzC9Uf71c/M9rJhAcuimL4gRoRIaLgoRbIKw8GstnkhLgfU0wkUzfapEulpiADnBsSz4bhOAqj8b5G8Qkqe2XHbvsXOqM9tAQBbSJttAuctABOkZnqIKqiKB79Iie0LPxYLwYr8bbsHTKGPVsoDEYH99826ju</latexit><latexit sha1_base64="xphy3znkpn2zXrTr9q024WkyFBI=">AAACI3icbVC7TsMwFHXKq5RXgJEloiAxVFXSBcYiFsYi0YfUVJHjOK1VJ47sG6CK8gP8Bzsr/AIbYmFg5zNI2iDRliNZOjrnvnzciDMFpvmplVZW19Y3ypuVre2d3T19/6CjRCwJbRPBhey5WFHOQtoGBpz2Iklx4HLadcdXud+9o1IxEd7CJKKDAA9D5jOCIZMc/cS+Zx4dYUjsAMPI9ZPLNHUSq9ZIf4WH1NGrZt2cwlgmVkGqqEDL0b9tT5A4oCEQjpXqW2YEgwRLYITTtGLHikaYjPGQ9jMa4oCqQTL9TWqcZopn+EJmLwRjqv7tSHCg1CRws8r8QrXo5eJ/Xj8G/2KQsDCKgYZktsiPuQHCyKMxPCYpAT7JCCaSZbcaZIQlJpAFOLclnw1CcJVHYy0GsUw6jbpl1q0bs9qsFSGV0RE6RmfIQueoia5RC7URQY/oGb2gV+1Je9PetY9ZaUkreg7RHLSvH4hfpio=</latexit>

bA2,1x
<latexit sha1_base64="cXdYW337P2fjLwyCxUsQlMp8nzk=">AAACI3icbVDLSsNAFL3xWesr6tJN8AEuSkm60WXFjRuxgn1AW8pkOrGDk0yYuVFLyA/4H+7d6i+4EzcuBJd+hpNWQasHBg7n3NccPxZco+u+WlPTM7Nz84WF4uLS8sqqvbbe0DJRlNWpFFK1fKKZ4BGrI0fBWrFiJPQFa/qXR7nfvGJKcxmd4zBm3ZBcRDzglKCRevZO55r32YBg2gkJDvwgPcyyXlopedm3cJP17G237I7g/CXeF9mu2ien7wBQ69kfnb6kScgipIJo3fbcGLspUcipYFmxk2gWE3pJLljb0IiETHfT0W8yZ9cofSeQyrwInZH6syMlodbD0DeV+YV60svF/7x2gsFBN+VRnCCL6HhRkAgHpZNH4/S5YhTF0BBCFTe3OnRAFKFoAvy1JZ+NUgqdR+NNBvGXNCplzy17ZyajEoxRgE3Ygj3wYB+qcAw1qAOFW7iHB3i07qwn69l6GZdOWV89G/AL1tsnHE+n9g==</latexit><latexit sha1_base64="TLwk65t0jeTITDjLQstOxovZ5O8=">AAACI3icbVDLSsNAFJ34rPUVdekmWAUXUhI3Cm4UN27ECvaBbSiTyaQdOsmEmRu1hPyA/+Herf6CO3HjQtz6GU7aCtZ6YOBwzn3N8WLOFNj2uzE1PTM7N19YKC4uLa+smmvrNSUSSWiVCC5kw8OKchbRKjDgtBFLikOP07rXO839+g2VionoCvoxdUPciVjACAYttc3t1i3zaRdD2goxdL0gPcmydrq/52Q/wl3WNkt22R7AmiTOiJSOzfOLzyP/utI2v1q+IElIIyAcK9V07BjcFEtghNOs2EoUjTHp4Q5tahrhkCo3Hfwms3a04luBkPpFYA3U3x0pDpXqh56uzC9Uf71c/M9rJhAcuimL4gRoRIaLgoRbIKw8GstnkhLgfU0wkUzfapEulpiADnBsSz4bhOAqj8b5G8Qkqe2XHbvsXOqM9tAQBbSJttAuctABOkZnqIKqiKB79Iie0LPxYLwYr8bbsHTKGPVsoDEYH9983aju</latexit><latexit sha1_base64="TLwk65t0jeTITDjLQstOxovZ5O8=">AAACI3icbVDLSsNAFJ34rPUVdekmWAUXUhI3Cm4UN27ECvaBbSiTyaQdOsmEmRu1hPyA/+Herf6CO3HjQtz6GU7aCtZ6YOBwzn3N8WLOFNj2uzE1PTM7N19YKC4uLa+smmvrNSUSSWiVCC5kw8OKchbRKjDgtBFLikOP07rXO839+g2VionoCvoxdUPciVjACAYttc3t1i3zaRdD2goxdL0gPcmydrq/52Q/wl3WNkt22R7AmiTOiJSOzfOLzyP/utI2v1q+IElIIyAcK9V07BjcFEtghNOs2EoUjTHp4Q5tahrhkCo3Hfwms3a04luBkPpFYA3U3x0pDpXqh56uzC9Uf71c/M9rJhAcuimL4gRoRIaLgoRbIKw8GstnkhLgfU0wkUzfapEulpiADnBsSz4bhOAqj8b5G8Qkqe2XHbvsXOqM9tAQBbSJttAuctABOkZnqIKqiKB79Iie0LPxYLwYr8bbsHTKGPVsoDEYH9983aju</latexit><latexit sha1_base64="5gt9YF1+bSkNwFJCLL65z/mY8XA=">AAACI3icbVC7TsMwFHXKq5RXgJEloiAxVFXSBcYiFsYi0YfUVJHjOK1VJ47sG6CK8gP8Bzsr/AIbYmFg5zNI2iDRliNZOjrnvnzciDMFpvmplVZW19Y3ypuVre2d3T19/6CjRCwJbRPBhey5WFHOQtoGBpz2Iklx4HLadcdXud+9o1IxEd7CJKKDAA9D5jOCIZMc/cS+Zx4dYUjsAMPI9ZPLNHWSRs1Kf4WH1NGrZt2cwlgmVkGqqEDL0b9tT5A4oCEQjpXqW2YEgwRLYITTtGLHikaYjPGQ9jMa4oCqQTL9TWqcZopn+EJmLwRjqv7tSHCg1CRws8r8QrXo5eJ/Xj8G/2KQsDCKgYZktsiPuQHCyKMxPCYpAT7JCCaSZbcaZIQlJpAFOLclnw1CcJVHYy0GsUw6jbpl1q0bs9qsFSGV0RE6RmfIQueoia5RC7URQY/oGb2gV+1Je9PetY9ZaUkreg7RHLSvH4hhpio=</latexit>

bA2,2x
<latexit sha1_base64="clqyjmU/xmtU2TaXvAmy8KvN3N4=">AAACI3icbVDLSsNAFL3xWd9Rl26CVXBRStKNLitu3IgVrAptKZPppB06yYSZG7WE/ID/4d6t/oI7ceNCcOlnOGkraPXAwOGc+5rjx4JrdN03a2p6ZnZuvrCwuLS8srpmr29caJkoyupUCqmufKKZ4BGrI0fBrmLFSOgLdun3j3L/8popzWV0joOYtULSjXjAKUEjte2d5g3vsB7BtBkS7PlBephl7bRSqmTfwm3Wtotu2R3C+Uu8MSlW7ZPTDwCote3PZkfSJGQRUkG0bnhujK2UKORUsGyxmWgWE9onXdYwNCIh0610+JvM2TVKxwmkMi9CZ6j+7EhJqPUg9E1lfqGe9HLxP6+RYHDQSnkUJ8giOloUJMJB6eTROB2uGEUxMIRQxc2tDu0RRSiaAH9tyWejlELn0XiTQfwlF5Wy55a9M5NRCUYowBZswx54sA9VOIYa1IHCHTzAIzxZ99az9WK9jkqnrHHPJvyC9f4FHfSn9w==</latexit><latexit sha1_base64="t63vblbANqUNgUFEQl6ldQHNJAw=">AAACI3icbVDLSsNAFJ34fht16SZYBRelJN0ouKm4cSMqWBWbECaTSTt0kgkzN2oJ+QH/w71b/QV34saFuPUznLQK2npg4HDOfc0JUs4U2PabMTY+MTk1PTM7N7+wuLRsrqyeK5FJQptEcCEvA6woZwltAgNOL1NJcRxwehF0D0r/4ppKxURyBr2UejFuJyxiBIOWfHPTvWEh7WDI3RhDJ4jy/aLw83q1XvwIt4VvVuya3Yc1SpxvUmmYR8cfe+HViW9+uqEgWUwTIBwr1XLsFLwcS2CE02LOzRRNMeniNm1pmuCYKi/v/6awtrQSWpGQ+iVg9dXfHTmOlerFga4sL1TDXin+57UyiHa9nCVpBjQhg0VRxi0QVhmNFTJJCfCeJphIpm+1SAdLTEAH+GdLORuE4KqMxhkOYpSc12uOXXNOdUZVNMAMWkcbaBs5aAc10CE6QU1E0B16QI/oybg3no0X43VQOmZ896yhPzDevwB+gqjv</latexit><latexit sha1_base64="t63vblbANqUNgUFEQl6ldQHNJAw=">AAACI3icbVDLSsNAFJ34fht16SZYBRelJN0ouKm4cSMqWBWbECaTSTt0kgkzN2oJ+QH/w71b/QV34saFuPUznLQK2npg4HDOfc0JUs4U2PabMTY+MTk1PTM7N7+wuLRsrqyeK5FJQptEcCEvA6woZwltAgNOL1NJcRxwehF0D0r/4ppKxURyBr2UejFuJyxiBIOWfHPTvWEh7WDI3RhDJ4jy/aLw83q1XvwIt4VvVuya3Yc1SpxvUmmYR8cfe+HViW9+uqEgWUwTIBwr1XLsFLwcS2CE02LOzRRNMeniNm1pmuCYKi/v/6awtrQSWpGQ+iVg9dXfHTmOlerFga4sL1TDXin+57UyiHa9nCVpBjQhg0VRxi0QVhmNFTJJCfCeJphIpm+1SAdLTEAH+GdLORuE4KqMxhkOYpSc12uOXXNOdUZVNMAMWkcbaBs5aAc10CE6QU1E0B16QI/oybg3no0X43VQOmZ896yhPzDevwB+gqjv</latexit><latexit sha1_base64="ILscMBpjeD8Uph5YgOXQXHfx8vs=">AAACI3icbVC7TsMwFHXKq5RXgJEloiAxVFXSBcYiFsYi0YfUVJHjOK1VJ47sG6CK8gP8Bzsr/AIbYmFg5zNI2iDRliNZOjrnvnzciDMFpvmplVZW19Y3ypuVre2d3T19/6CjRCwJbRPBhey5WFHOQtoGBpz2Iklx4HLadcdXud+9o1IxEd7CJKKDAA9D5jOCIZMc/cS+Zx4dYUjsAMPI9ZPLNHWSRq2R/goPqaNXzbo5hbFMrIJUUYGWo3/bniBxQEMgHCvVt8wIBgmWwAinacWOFY0wGeMh7Wc0xAFVg2T6m9Q4zRTP8IXMXgjGVP3bkeBAqUngZpX5hWrRy8X/vH4M/sUgYWEUAw3JbJEfcwOEkUdjeExSAnySEUwky241yAhLTCALcG5LPhuE4CqPxloMYpl0GnXLrFs3ZrVZK0IqoyN0jM6Qhc5RE12jFmojgh7RM3pBr9qT9qa9ax+z0pJW9ByiOWhfP4oGpis=</latexit>

bA1,3x = (bA1,1 + bA1,2)x
<latexit sha1_base64="LrTLlSTI+Sk6lMQvSxiPoWgKPPU="></latexit><latexit sha1_base64="aBStdOo57mtSMOMI+KTvO5ccSJM="></latexit><latexit sha1_base64="aBStdOo57mtSMOMI+KTvO5ccSJM="></latexit><latexit sha1_base64="XrrEJjSVZaieutoEY6ZMUPc6nqM="></latexit>

bA2,3x = (bA2,1 + bA2,2)x
<latexit sha1_base64="AQ8OBoxn/O6dEdm+QOr946I7Ci4="></latexit><latexit sha1_base64="IJFwaoh9bthNwSvljvpOZoU3m5w="></latexit><latexit sha1_base64="IJFwaoh9bthNwSvljvpOZoU3m5w="></latexit><latexit sha1_base64="u29AKoNZDGWzXCBIRYix2jHzejI="></latexit>

A = [A1;A2]
<latexit sha1_base64="1nOyFiNnxVZCgbewmmQLrtq4jt4=">AAACFHicbVDLSsNAFL2pr1pfUZduBltBUErSjYIIFTcuK9gHtCFMppN26OTBzEQooR/hxl9x40IRty7c+TdO2oC1emDg3HPuZe49XsyZVJb1ZRSWlldW14rrpY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Drz2/dUSBaFd2ocUyfAg5D5jGClJdc8qfQCrIaen15N0CXq/lSufYHmqppTcc2yVbWmQH+JnZMy5Gi45mevH5EkoKEiHEvZta1YOSkWihFOJ6VeImmMyQgPaFfTEAdUOun0qAk60kof+ZHQL1Roqs5PpDiQchx4ujPbUi56mfif102Uf+6kLIwTRUMy+8hPOFIRyhJCfSYoUXysCSaC6V0RGWKBidI5lnQI9uLJf0mrVrWtqn1bK9dP8ziKcACHcAw2nEEdbqABTSDwAE/wAq/Go/FsvBnvs9aCkc/swy8YH9/Jsp1P</latexit><latexit sha1_base64="1nOyFiNnxVZCgbewmmQLrtq4jt4=">AAACFHicbVDLSsNAFL2pr1pfUZduBltBUErSjYIIFTcuK9gHtCFMppN26OTBzEQooR/hxl9x40IRty7c+TdO2oC1emDg3HPuZe49XsyZVJb1ZRSWlldW14rrpY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Drz2/dUSBaFd2ocUyfAg5D5jGClJdc8qfQCrIaen15N0CXq/lSufYHmqppTcc2yVbWmQH+JnZMy5Gi45mevH5EkoKEiHEvZta1YOSkWihFOJ6VeImmMyQgPaFfTEAdUOun0qAk60kof+ZHQL1Roqs5PpDiQchx4ujPbUi56mfif102Uf+6kLIwTRUMy+8hPOFIRyhJCfSYoUXysCSaC6V0RGWKBidI5lnQI9uLJf0mrVrWtqn1bK9dP8ziKcACHcAw2nEEdbqABTSDwAE/wAq/Go/FsvBnvs9aCkc/swy8YH9/Jsp1P</latexit><latexit sha1_base64="1nOyFiNnxVZCgbewmmQLrtq4jt4=">AAACFHicbVDLSsNAFL2pr1pfUZduBltBUErSjYIIFTcuK9gHtCFMppN26OTBzEQooR/hxl9x40IRty7c+TdO2oC1emDg3HPuZe49XsyZVJb1ZRSWlldW14rrpY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Drz2/dUSBaFd2ocUyfAg5D5jGClJdc8qfQCrIaen15N0CXq/lSufYHmqppTcc2yVbWmQH+JnZMy5Gi45mevH5EkoKEiHEvZta1YOSkWihFOJ6VeImmMyQgPaFfTEAdUOun0qAk60kof+ZHQL1Roqs5PpDiQchx4ujPbUi56mfif102Uf+6kLIwTRUMy+8hPOFIRyhJCfSYoUXysCSaC6V0RGWKBidI5lnQI9uLJf0mrVrWtqn1bK9dP8ziKcACHcAw2nEEdbqABTSDwAE/wAq/Go/FsvBnvs9aCkc/swy8YH9/Jsp1P</latexit><latexit sha1_base64="1nOyFiNnxVZCgbewmmQLrtq4jt4=">AAACFHicbVDLSsNAFL2pr1pfUZduBltBUErSjYIIFTcuK9gHtCFMppN26OTBzEQooR/hxl9x40IRty7c+TdO2oC1emDg3HPuZe49XsyZVJb1ZRSWlldW14rrpY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Drz2/dUSBaFd2ocUyfAg5D5jGClJdc8qfQCrIaen15N0CXq/lSufYHmqppTcc2yVbWmQH+JnZMy5Gi45mevH5EkoKEiHEvZta1YOSkWihFOJ6VeImmMyQgPaFfTEAdUOun0qAk60kof+ZHQL1Roqs5PpDiQchx4ujPbUi56mfif102Uf+6kLIwTRUMy+8hPOFIRyhJCfSYoUXysCSaC6V0RGWKBidI5lnQI9uLJf0mrVrWtqn1bK9dP8ziKcACHcAw2nEEdbqABTSDwAE/wAq/Go/FsvBnvs9aCkc/swy8YH9/Jsp1P</latexit>

eAi = [eAi,1; eAi,2]
<latexit sha1_base64="ikmZ/WSuCBtWF6auR9KqDuGdm6A=">AAACQnicdVC7SgNBFJ31GeNr1dJmMBEsQthNoyBCxMYygnlIsoTZ2bvJkNkHM7NKWPbbbPwCOz/AxkIRWwsnj0ITc+DC4Zx7ufceN+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/IaNEUKjTiEei5RIJnIVQV0xxaMUCSOByaLqDq5HfvAchWRTeqmEMTkB6IfMZJUpLXfOu2HlgHijGPUg7AVF9108vs6zL8AVuL/BSVrKzc7zYrWROsWsWrLI1Bp4n9pQU0BS1rvnc8SKaBBAqyomUbduKlZMSoRjlkOU7iYSY0AHpQVvTkAQgnXQcQYaPteJhPxK6QoXH6u+JlARSDgNXd45OlbPeSPzPayfKP3NSFsaJgpBOFvkJxyrCozyxxwRQxYeaECqYvhXTPhGEKp16Xodgz748TxqVsm2V7ZtKoVqaxpFDh+gInSAbnaIqukY1VEcUPaJX9I4+jCfjzfg0viatS8Z05gD9gfH9AxS6sio=</latexit><latexit sha1_base64="ikmZ/WSuCBtWF6auR9KqDuGdm6A=">AAACQnicdVC7SgNBFJ31GeNr1dJmMBEsQthNoyBCxMYygnlIsoTZ2bvJkNkHM7NKWPbbbPwCOz/AxkIRWwsnj0ITc+DC4Zx7ufceN+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/IaNEUKjTiEei5RIJnIVQV0xxaMUCSOByaLqDq5HfvAchWRTeqmEMTkB6IfMZJUpLXfOu2HlgHijGPUg7AVF9108vs6zL8AVuL/BSVrKzc7zYrWROsWsWrLI1Bp4n9pQU0BS1rvnc8SKaBBAqyomUbduKlZMSoRjlkOU7iYSY0AHpQVvTkAQgnXQcQYaPteJhPxK6QoXH6u+JlARSDgNXd45OlbPeSPzPayfKP3NSFsaJgpBOFvkJxyrCozyxxwRQxYeaECqYvhXTPhGEKp16Xodgz748TxqVsm2V7ZtKoVqaxpFDh+gInSAbnaIqukY1VEcUPaJX9I4+jCfjzfg0viatS8Z05gD9gfH9AxS6sio=</latexit><latexit sha1_base64="ikmZ/WSuCBtWF6auR9KqDuGdm6A=">AAACQnicdVC7SgNBFJ31GeNr1dJmMBEsQthNoyBCxMYygnlIsoTZ2bvJkNkHM7NKWPbbbPwCOz/AxkIRWwsnj0ITc+DC4Zx7ufceN+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/IaNEUKjTiEei5RIJnIVQV0xxaMUCSOByaLqDq5HfvAchWRTeqmEMTkB6IfMZJUpLXfOu2HlgHijGPUg7AVF9108vs6zL8AVuL/BSVrKzc7zYrWROsWsWrLI1Bp4n9pQU0BS1rvnc8SKaBBAqyomUbduKlZMSoRjlkOU7iYSY0AHpQVvTkAQgnXQcQYaPteJhPxK6QoXH6u+JlARSDgNXd45OlbPeSPzPayfKP3NSFsaJgpBOFvkJxyrCozyxxwRQxYeaECqYvhXTPhGEKp16Xodgz748TxqVsm2V7ZtKoVqaxpFDh+gInSAbnaIqukY1VEcUPaJX9I4+jCfjzfg0viatS8Z05gD9gfH9AxS6sio=</latexit><latexit sha1_base64="ikmZ/WSuCBtWF6auR9KqDuGdm6A=">AAACQnicdVC7SgNBFJ31GeNr1dJmMBEsQthNoyBCxMYygnlIsoTZ2bvJkNkHM7NKWPbbbPwCOz/AxkIRWwsnj0ITc+DC4Zx7ufceN+ZMKst6MZaWV1bX1nMb+c2t7Z1dc2+/IaNEUKjTiEei5RIJnIVQV0xxaMUCSOByaLqDq5HfvAchWRTeqmEMTkB6IfMZJUpLXfOu2HlgHijGPUg7AVF9108vs6zL8AVuL/BSVrKzc7zYrWROsWsWrLI1Bp4n9pQU0BS1rvnc8SKaBBAqyomUbduKlZMSoRjlkOU7iYSY0AHpQVvTkAQgnXQcQYaPteJhPxK6QoXH6u+JlARSDgNXd45OlbPeSPzPayfKP3NSFsaJgpBOFvkJxyrCozyxxwRQxYeaECqYvhXTPhGEKp16Xodgz748TxqVsm2V7ZtKoVqaxpFDh+gInSAbnaIqukY1VEcUPaJX9I4+jCfjzfg0viatS8Z05gD9gfH9AxS6sio=</latexit>

[eA1; eA2; eA3 := eA1 + eA2]
<latexit sha1_base64="BbpkL/UC1oXQz4csiMaUem84vMQ="></latexit><latexit sha1_base64="BbpkL/UC1oXQz4csiMaUem84vMQ="></latexit><latexit sha1_base64="BbpkL/UC1oXQz4csiMaUem84vMQ="></latexit><latexit sha1_base64="BbpkL/UC1oXQz4csiMaUem84vMQ="></latexit>

[bAi,1; bAi,2; bAi,3 := bAi,1 + bAi,2]
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(3, 2) MDS

(3, 2) MDS

Group 3 bA3,2x = (bA1,2 + bA2,2)x
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bA3,1x = (bA1,1 + bA2,1)x
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Fig. 3. Allocation of the computational task to workers in a (3, 2)× (3, 2)
coded computation

For i, j ∈ {1, 2, 3}, worker w(i, j) computes Âi,jx. Note that
group i is assigned a subtask with respect to Ãi.

We now describe the decoding algorithm for our proposed
coding scheme. When a worker completes its task, it sends
the result to its submaster. With the aid of the (n1, k1) MDS
code, submaster i (in group i) can compute Ãix as soon as the
task results from any k1 workers within group i are collected.
Once Ãix is computed, it is sent to the master. The master can
obtain Ax by retrieving Ãix from any k2 submasters. For each
worker, we define completion time as the sum of the runtime of
the worker and the time required for delivering its computation
result to the submaster. For each group, we further define intra-
group latency as the time for completing its assigned subtask.
The total computation time is defined as the time from when
the workers start to run until the master completes computing
Ax. The proposed computation framework can be applied to
practical multi-rack systems where the input data A is coded
and distributed into n2 racks; the ith rack contains Ãi. For
instance, in the Facebook’s warehouse cluster, data is encoded
with a (14, 10) MDS code, and then the 14 encoded chunks
are stored across different racks [17]. Once x is given from
the master, the ith rack can compute Ãix using the coded data
Ãi that it contains.

B. Application: Matrix-Matrix Multiplications

Our scheme can be also applied to matrix-matrix multi-
plications. More specifically, consider computing ATB for
given matrices A and B = [b1 b2 · · · bk2 ]. After applying
an (n2, k2) MDS code to B, we have B̌ = [b̌1 b̌2 · · · b̌n2 ].
Moreover, group i divides A into k(i)1 equal-sized submatrices
as A = [Ai,1 Ai,2 · · · Ai,k

(i)
1

], and we apply an (n
(i)
1 , k

(i)
1 )

MDS code, resulting in Ǎi = [Ǎi,1 Ǎi,2 · · · Ǎi,n
(i)
1

]. The
computation ǍT

i,jb̌i is assigned to worker w(i, j). Using an
(n

(i)
1 , k

(i)
1 ) MDS code, submaster i can compute AT b̌i when

any k(i)1 workers within its group delivered their computation
results. The master can calculate ATB by gathering AT b̌i
results from any k2 submasters, using the (n2, k2) MDS code.
Under the homogeneous setting of n(i)1 = n1 and k(i)1 = k1 for
all i ∈ [n2], the encoding algorithm of the proposed scheme
reduces to that of the product coded scheme [3]. However,
the suggested scheme with the homogeneous setting is shown
to reduce the decoding cost compared to the product coded
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T(4)
<latexit sha1_base64="HcQf0eIOdotrT48e62iWFLZUxrg=">AAAB7nicbVDJSgNBEK1xjXGLy81LYxAiSJgRQY8BLx4jZINkCD2dnqRJT8/QXSOEIR/hxYMievR7vPkLfoWd5aCJDwoe71VRVS9IpDDoul/Oyura+sZmbiu/vbO7t184OGyYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIa3E7/5wLURsarhKOF+RPtKhIJRtFKz1s1KV+fjbqHolt0pyDLx5qRYOXa/3wGg2i18dnoxSyOukElqTNtzE/QzqlEwycf5Tmp4QtmQ9nnbUkUjbvxseu6YnFmlR8JY21JIpurviYxGxoyiwHZGFAdm0ZuI/3ntFMMbPxMqSZErNlsUppJgTCa/k57QnKEcWUKZFvZWwgZUU4Y2obwNwVt8eZk0LsueW/bubRoXMEMOTuAUSuDBNVTgDqpQBwZDeIRneHES58l5dd5mrSvOfOYI/sD5+AEjOJDk</latexit><latexit sha1_base64="SY3wWByUCvlLJW6PVLI8//t1oYY=">AAAB7nicbVDLSgNBEOyNrxhf8XHzMhiECBJ2RdBjwIvHCHlBsoTZyWwyZHZ2mJkVwpKP8OJBUa9+jzd/QX/C2SQHTSxoKKq66e4KJGfauO6nk1tZXVvfyG8WtrZ3dveK+wdNHSeK0AaJeazaAdaUM0EbhhlO21JRHAWctoLRTea37qnSLBZ1M5bUj/BAsJARbKzUqvfS8uXZpFcsuRV3CrRMvDkpVY/cr1fxLWu94ke3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n07PnaBTq/RRGCtbwqCp+nsixZHW4yiwnRE2Q73oZeJ/Xicx4bWfMiETQwWZLQoTjkyMst9RnylKDB9bgoli9lZEhlhhYmxCBRuCt/jyMmleVDy34t3ZNM5hhjwcwwmUwYMrqMIt1KABBEbwAE/w7Ejn0Xlx3matOWc+cwh/4Lz/AIMqkqs=</latexit><latexit sha1_base64="SY3wWByUCvlLJW6PVLI8//t1oYY=">AAAB7nicbVDLSgNBEOyNrxhf8XHzMhiECBJ2RdBjwIvHCHlBsoTZyWwyZHZ2mJkVwpKP8OJBUa9+jzd/QX/C2SQHTSxoKKq66e4KJGfauO6nk1tZXVvfyG8WtrZ3dveK+wdNHSeK0AaJeazaAdaUM0EbhhlO21JRHAWctoLRTea37qnSLBZ1M5bUj/BAsJARbKzUqvfS8uXZpFcsuRV3CrRMvDkpVY/cr1fxLWu94ke3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n07PnaBTq/RRGCtbwqCp+nsixZHW4yiwnRE2Q73oZeJ/Xicx4bWfMiETQwWZLQoTjkyMst9RnylKDB9bgoli9lZEhlhhYmxCBRuCt/jyMmleVDy34t3ZNM5hhjwcwwmUwYMrqMIt1KABBEbwAE/w7Ejn0Xlx3matOWc+cwh/4Lz/AIMqkqs=</latexit><latexit sha1_base64="0KXFRoT+yppFKI+SXRDN3HhqIhA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgpREBD0WvHis0C9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ/dzvPKHSPJZNM03Qj+hI8pAzaqzUaQ6y6s3lbFCuuDV3AbJOvJxUIEdjUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCe/8jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10n7uua5Ne/RrdSv8jiKcAbnUAUPbqEOD9CAFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QNdtY7W</latexit>

T(6)
<latexit sha1_base64="5PKYduHa4KpQI6ayFhq2TpUoGEY=">AAAB7nicbVDJSgNBEK1xjXGLy81LYxAiSJjxoB4DXjxGyAbJEHo6PUmTnp6hu0YIQz7CiwdF9Oj3ePMX/Ao7y0ETHxQ83quiql6QSGHQdb+cldW19Y3N3FZ+e2d3b79wcNgwcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJ37zgWsjYlXDUcL9iPaVCAWjaKVmrZuVrs7H3ULRLbtTkGXizUmxcux+vwNAtVv47PRilkZcIZPUmLbnJuhnVKNgko/zndTwhLIh7fO2pYpG3PjZ9NwxObNKj4SxtqWQTNXfExmNjBlFge2MKA7MojcR//PaKYY3fiZUkiJXbLYoTCXBmEx+Jz2hOUM5soQyLeythA2opgxtQnkbgrf48jJpXJY9t+zd2zQuYIYcnMAplMCDa6jAHVShDgyG8AjP8OIkzpPz6rzNWlec+cwR/IHz8QMmRJDm</latexit><latexit sha1_base64="JThuXADnIrZpw7zEAsUv7ruMnvQ=">AAAB7nicbVDLSgNBEOyNrxhf8XHzMhiECBJ2PajHgBePEfKCZAmzk9lkyOzsMDMrhCUf4cWDol79Hm/+gv6Es0kOmljQUFR1090VSM60cd1PJ7eyura+kd8sbG3v7O4V9w+aOk4UoQ0S81i1A6wpZ4I2DDOctqWiOAo4bQWjm8xv3VOlWSzqZiypH+GBYCEj2FipVe+l5cuzSa9YcivuFGiZeHNSqh65X6/iW9Z6xY9uPyZJRIUhHGvd8Vxp/BQrwwink0I30VRiMsID2rFU4IhqP52eO0GnVumjMFa2hEFT9fdEiiOtx1FgOyNshnrRy8T/vE5iwms/ZUImhgoyWxQmHJkYZb+jPlOUGD62BBPF7K2IDLHCxNiECjYEb/HlZdK8qHhuxbuzaZzDDHk4hhMogwdXUIVbqEEDCIzgAZ7g2ZHOo/PivM1ac8585hD+wHn/AYY2kq0=</latexit><latexit sha1_base64="JThuXADnIrZpw7zEAsUv7ruMnvQ=">AAAB7nicbVDLSgNBEOyNrxhf8XHzMhiECBJ2PajHgBePEfKCZAmzk9lkyOzsMDMrhCUf4cWDol79Hm/+gv6Es0kOmljQUFR1090VSM60cd1PJ7eyura+kd8sbG3v7O4V9w+aOk4UoQ0S81i1A6wpZ4I2DDOctqWiOAo4bQWjm8xv3VOlWSzqZiypH+GBYCEj2FipVe+l5cuzSa9YcivuFGiZeHNSqh65X6/iW9Z6xY9uPyZJRIUhHGvd8Vxp/BQrwwink0I30VRiMsID2rFU4IhqP52eO0GnVumjMFa2hEFT9fdEiiOtx1FgOyNshnrRy8T/vE5iwms/ZUImhgoyWxQmHJkYZb+jPlOUGD62BBPF7K2IDLHCxNiECjYEb/HlZdK8qHhuxbuzaZzDDHk4hhMogwdXUIVbqEEDCIzgAZ7g2ZHOo/PivM1ac8585hD+wHn/AYY2kq0=</latexit><latexit sha1_base64="Vg3ULLGxGCy4LD4k1jwRmweW438=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahgpTEg3osePFYoV/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+7nfeUKleSybZpqgH9GR5CFn1Fip0xxk1ZvL2aBccWvuAmSdeDmpQI7GoPzVH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx7oxcWGVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP47GXKFzIipJZQpbm8lbEwVZcYmVLIheKsvr5P2dc1za96jW6lf5XEU4QzOoQoe3EIdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wdgwY7Y</latexit>

Fig. 4. Illustration of obtaining L in a (3, 2)× (3, 2) coded computation

scheme under the hierarchical computing structure. A detailed
analysis is in Sec. IV.

III. LATENCY ANALYSIS

We start by providing some preliminaries for the order
statistics. For n random variables, the kth order statistic is
defined by the kth smallest one of n. From the known results
from the order statistics [18], the expected value of the kth

order statistics out of n (n > k) exponential random variables
with rate µ is (Hn − Hn−k)/µ, where Hk =

∑k
l=1

1
l '

log k + γ as k grows for a fixed constant γ. This leads to
(Hn − Hn−k)/µ ' 1

µ log n
n−k . For n = k, the expected

latency is given by Hn/µ ' (log n)/µ. Further, define
H0 := 0 for ease of exposition.

Consider the hierarchical computing system1 of Fig. 2.
Assume that for i ∈ [n2] and j ∈ [n1], the completion time
Ti,j of worker w(i, j) is exponentially distributed with rate µ1

(i.e., Pr[Ti,j ≤ t] = 1 − e−µ1t). Further, the communication
time T (c)

i from the ith group to the master is also exponentially
distributed with rate µ2 (i.e., Pr[T

(c)
i ≤ t] = 1 − e−µ2t).

Here, we assume that all latencies are independent with one
another. Given the assumptions, the total computation time of
the (n1, k1)× (n2, k2) coded computation is written as

T = k2
th min
i∈[n2]

(
T

(c)
i + Si

)
(1)

where
Si = k1

th min
j∈[n1]

Ti,j (2)

denotes the time to wait for the k1 fastest workers in group
i. The group index i is relabeled such that S1 ≤ S2 ≤ · · · ≤
Sn2 . In other words, the fastest group that finishes its assigned
subtask is relabeled as the 1st group, while the slowest group is
relabeled as the n2th group. Here we provide upper and lower
bounds on E[T ].

A. Lower Bound

Let T(m) be the mth smallest element of {Ti,j}i∈[n2],j∈[n1].
Then, T(1) ≤ T(2) ≤ · · · ≤ T(n1n2) holds. Using this notation,
we derive a lower bound on E[T ], formally stated below.

Theorem 1: The expected total computation time of the
(n1, k1)× (n2, k2) coded computation is lower bounded as

E[T ] ≥ E

[
k2

th min
i∈[n2]

(
T

(c)
i + T(ik1)

)]
:= L . (3)

1For simplicity of analysis, we only consider the homogeneous setting of
n
(i)
1 = n1 and k(i)1 = k1 for all i ∈ [n2].

0, 0 1, 0 2, 0 3, 0 4, 0 5, 0 6, 0

2, 1 3, 1 4, 1 5, 1 6, 1

4, 2 5, 2 6, 2

u = 0 u = k1 u = k2k1 u = n2k1

v = k2

v = 0
9µ1 8µ1 7µ1 6µ1 5µ1 4µ1

µ2 µ2 2µ2 2µ2 3µ2

7µ1 6µ1 5µ1 4µ1

µ2 µ2 2µ2

Fig. 5. State transition diagram producing the lower bound L on the expected
latency in a (3, 2) × (3, 2) coded computation. Each state is labeled with
(u, v), where u is the number of completed workers and v is the number of
groups that have sent their computation results.

Proof: Consider a realization of {Ti,j}i∈[n2],j∈[n1] and
{T (c)

i }i∈[n2]. Recall that a group finishes its assigned subtask
if k1 workers within the group complete their tasks. Hence, it
is impossible for the ith group to finish its work if the total
number of completed workers in the system is less than ik1.
In other words, it must hold that

T(ik1) ≤ Si for all i ∈ [n2] . (4)

Thus, the total computation time in (1) should be:

T = k2
th min
i∈[n2]

(T
(c)
i + Si) ≥ k2th min

i∈[n2]
(T

(c)
i + T(ik1)) .

Averaging over all possible realizations, we complete the
proof.

To further illustrate the proof, we provide a schematic ex-
ample in Fig. 4. Consider a (3, 2)× (3, 2) coded computation.
The yellow circles denote the completion times of the workers.
After k1 = 2 workers in a group finish their computations, the
group-master communication, shown as the red arrows, starts
from each group. As can be seen, T(2) ≤ S1, T(4) ≤ S2 and
T(6) ≤ S3, which concur with (4). The following lemma shows
that L can be computed by analyzing the hitting time of an
auxiliary Markov chain.

Lemma 1: Let C be the continuous-time Markov chain
defined over the state space (u, v) ∈ {0, 1, . . . , n2k1} ×
{0, 1, . . . , k2}. The state transition rates of C are defined as
follows:
• From state (u, v) to state (u+ 1, v) at rate (n1n2− i)µ1,

if vk1 ≤ u < n2k1,
• From state (u, v) to state (u, v + 1) at rate

(bu/k1c − v)µ2, if 0 ≤ v < min {bu/k1c, k2}.
Then, the expected hitting time of C from state (0, 0) to the
set of states {(u, k2)}n2k1

u=k2k1
is equal to L.

Proof: See [19] for the proof.
Markov chain C defined in Lemma 1 consists of the states

(u, v), where u represents the number of completed workers
and v indicates the number of groups which have delivered
their computation results to the master.

For an illustrative example, the state transition diagram for
a (3, 2)× (3, 2) coded computation yielding a lower bound is
shown in Fig. 5. The overall computation is terminated when
the k2 = 2 groups finish conveying their computational results
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to the master, i.e., when the Markov chain visits the states with
v = 2 for the first time. We see that u increases by one when
a worker completes its computation, and v increases by one
when master receives the computation result from a group.
The rightward transition (to increase u) rate is determined by
the product of µ1 and the number of remaining workers. The
upward transition (to increase v) rate is the product of µ2 and
the number of groups that have not delivered their computation
results to the master. The proposed lower bound L can be
easily computed from the first-step analysis [20] of the Markov
chain produced by Lemma 1.

B. Upper Bound

We here provide two upper bounds on the expected total
computation time. The first bound in the following lemma is
applicable for all values of n1 and k1.

Lemma 2: The expected total computation time of the
(n1, k1) × (n2, k2) coded computation is upper bounded as
E[T ] ≤ Hn1n2

/µ1 + (Hn2
−Hn2−k2)/µ2 .

Proof: See [19] for the proof.
We now establish another upper bound using the following

two steps. First we find an upper bound on the maximum intra-
group latency among n2 groups. Afterwards, adding this value
to the expected latency of the group-master communication
yields an upper bound on the expected total computation time.
For given n1 and k1, we use δ1 > 0 which satisfies n1 =
(1 + δ1)k1. We now present the asymptotic upper bound as
follows.

Theorem 2: For a fixed constant δ1 > 0, the expected total
computation time of the (n1, k1)× (n2, k2) coded computing
system is upper bounded as E[T ] ≤ [log(1 + δ1)/δ1]/µ1 +
(Hn2

−Hn2−k2)/µ2 + o(1) in the limit of k1.
Proof: Due to the space constraint, here we provide

only a sketch of the proof; interested readers are referred to
[19] for details. First, we focus on the intra-group latency.
The expected latency of the k1

th fastest worker out of n1
is given by (Hn1 − Hn1−k1)/µ1, which can be rewritten
as [log(1 + δ1)/δ1]/µ1 for a fixed constant δ1 > 0 and a
sufficiently large n1. Define t0 := [log(1 + δ1)/δ1]/µ1 +
α
√

log k1/k1 for some constant α > 0. Further, let Ei denote
the event that group i has not finished its assigned subtask

by time t0. Then, one can show that Pr[Ei] ≤ k
− 2δ21µ

2
1α

2

1+δ1
1 by

using the Hoeffding’s inequality [21]. Let TI be the time when
all n2 groups finish their assigned subtasks. Then, one can see
that {TI > t0} = ∪n2

i=1Ei. Hence, using the union bound, we
have

Pr[TI > t0] ≤
n2∑

i=1

Pr[Ei] ≤ n2k
− 2δ21µ

2
1α

2

1+δ1
1 = o(k−11 ), (5)

where the last equality holds since α can be made arbitrarily
large. Then the expected intra-group latency E[TI ] satisfies

E[TI ] ≤ Pr[TI ≤ t0]t0 + Pr[TI > t0](Hn1n2/µ1 + t0) (6)

=
(
1− o(k−11 )

)
t0 + o(k−11 )(Hn1n2

/µ1 + t0) (7)
= log [(1 + δ1)/δ1]/µ1 + o(1) , (8)
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(a) n1 = 10, k1 = 5, n2 = 10

1 2 3 4 5 6 7 8 9 10

k
2

0

1

2

3

4

E
x
p
ec

te
d
 t

o
ta

l 
co

m
p
u
ta

ti
o
n
 t

im
e

Upper bound (Lemma 2)

Upper bound (Theorem 2)

Simulation

Lower bound

(b) n1 = 600, k1 = 300, n2 = 10

Fig. 6. The expected total computation time of the (n1, k1)×(n2, k2) coded
computing with its bounds for varying k2

where (6) is due to the fact that t0 is the worst case latency
for all events satisfying TI ≤ t0, and Hn1n2/µ1 + t0 is an
upper bound on E[TI |TI > t0]. From (8), we conclude that
all n2 groups embark on the group-master communication
before time log [(1 + δ1)/δ1]/µ1, as k1 grows large. Hence,
adding the expected latency of the group-master communica-
tion (Hn2 −Hn2−k2)/µ2 to (8) gives the claimed bound.

C. Evaluation of Bounds

Fig. 6 shows the behavior of the expected total computation
time and its upper/lower bounds with varying k2. Here we
consider two upper bounds proposed in Lemma 2 and Theorem
2. To see the impact of k1, the values of k1 are fixed to 5 and
300 in Figs. 6a and 6b, respectively. The other code parameters
are set to n1 = (1+ δ1)k1, n2 = 10 for both figures, where δ1
is fixed to 1. The rates of the completion time of the worker
and group-master communication are set to µ1 = 10 and µ2 =
1. For a relatively small values of k1, the upper bound in
Lemma 2 is tighter than that of Theorem 2. As can be seen in
Fig. 6b, the asymptotic upper bound in Theorem 2 becomes
tighter as k1 grows, which concurs with Theorem 2. We also
have numerically confirmed that the proposed lower bound is
tight.

IV. DECODING COMPLEXITY

In this section, we compare decoding complexity of our
hierarchical coding with the replication and non-hierarchical
coding schemes including the (n1, k1)×(n2, k2) product code
[3] and the (n, k) polynomial code [4]. For fair comparison,
we set n = n1n2 and k = k1k2. We further assume that the
decoding complexity of the (n, k) MDS code is O(kβ) for
some β > 1.2 In our framework, the n2 intra-group codes can
be decoded in parallel, followed by decoding of the cross-
group code using the k2 fastest results. Thus, the overall
decoding procedure consists of 1) parallel decoding of (n1, k1)
intra-group MDS codes and 2) decoding of the (n2, k2) cross-
group MDS code, resulting in the total decoding cost of
O(kβ1 + k1k

β
2 ).3 Similarly, one can show that the decoding

cost of polynomial codes is O(kβ), and that of the product
code is O(k1k

β
2 + k2k

β
1 ). We note that the hierarchical code

2Note that this is the case for most practical decoding algorithms [22], [23].
Decoding with β = 1 requires a large field size [4].

3This is because the cross-group MDS code decoding requires a k1-fold
symbol size compared to that of the intra-group MDS code decoding.

2018 IEEE International Symposium on Information Theory (ISIT)

1633



TABLE I
COMPARISONS OF VARIOUS CODING SCHEMES

Coding scheme Computing time (E[Tcomp]) Decoding cost (Tdec)
Replication kHk/(nµ2) 0

Hierarchical code E[T ] O(k1kβ2 + kβ1 )

Product code [3] 1
µ2

log

(√
n/k+

4√
n/k√

n/k−1

)
O(k1kβ2 + k2k

β
1 )

Polynomial code [4] (Hn −Hn−k)/µ2 O(kβ1 k
β
2 )

can have a substantial improvement, sometimes by an order of
magnitude, in decoding complexity, compared to the product
code. For instance, if β = 2 and k1 = k22 , the decoding cost
of hierarchical code becomes O(k42) while that of the product
code is O(k52); if k1 = k1.52 , the decoding costs are O(k3.52 )
and O(k42), respectively. In general, if k1 = kp2 , one can show
that the relative gain of the hierarchical codes in decoding cost
monotonically increases as p increases, providing a guideline
for efficient code designs. Table I summarizes the computing
times and decoding costs of various coding schemes.

We now compare the expected total execution time defined
as Texec := Tcomp + λTdec, where Tcomp is the computing
time, Tdec is the decoding cost, and λ ≥ 0 is the relative
weight of the decoding cost. We note that λ is a system-
specific parameter that depends on 1) the relative CPU speed
of the master compared to the workers and 2) dimension
of the input data. Shown in Fig. 7 are the expected total
execution times for parameters of (n1, k1) = (800, 400),
(n2, k2) = (40, 20), (µ1, µ2) = (10, 1) and β = 2.

Under the setting of parameters in Fig. 7, we observe that
the hierarchical code strictly outperforms the product code
for all values of λ. Although not shown, this observation is
consistent for all practical values of µ1 and µ2. In general, we
observe that the optimal choice of coding scheme depends on
the value of λ as follows:
• (moderate λ) when both Tcomp and Tdec have to be

minimized, the hierarchical code achieves the lowest Texec
by striking a balance between them;

• (low λ) when Tdec is negligible, the polynomial code
achieves the lowest Texec; and

• (high λ) when Tdec dominates Texec, the replication code
is the best.

Note that the shaded area in Fig. 7 represents the additional
achievable (λ,E[Texec]) region thanks to introducing the hier-
archical code.

V. SUMMARY

We proposed a hierarchical coded computing scheme and
provided bounds on its expected computing time. Specifically,
we provided an upper bound using the concentration inequal-
ities, and a lower bound based on the hitting time analysis of
the auxiliary Markov chain. Further, we analyzed the decoding
complexity of our scheme. In terms of total computation
time combining the computing time and decoding cost, we
showed that our scheme provides improvements by orders of
magnitude compared to the non-hierarchical schemes in the
practical regime where the decoding cost is significant.

Fig. 7. E[Texec] of various coding schemes for parameters of (n1, k1) =
(800, 400), (n2, k2) = (40, 20), (µ1, µ2) = (10, 1) and β = 2
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