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Abstract—Trapping sets strongly degrade performance of
low-density parity check (LDPC) codes in the low-error-rate
region. This creates significant difficulties for the deployment of
LDPC codes to low-error-rate applications such as storage and
wireless systems with no or limited retransmission options. We
propose a novel technique for breaking trapping sets based on
collaborative decoding that utilizes two different decoding modes.
While the main decoding mode executes message passing based
on the original parity check matrix of the corresponding LDPC
code, the sub-decoding mode operates on a modified parity check
matrix formed by removing a portion of check nodes in the factor graph representation of the given code. The modified parity
check matrix is designed to promote a passing of correct information into erroneous variable nodes in the trapping set. Theoretical
properties of the proposed trapping-set-breaking technique have
been established based on the notion of the improved separation
for the trapped variable nodes. Simulation results show that the
proposed collaborative LDPC decoding scheme switching between
the two decoding modes back and forth effectively breaks dominant trapping sets of various known types of regular and irregular
LDPC codes.
Index Terms—Low-density parity-check codes, message
passing, error floor, trapping set, collaborative decoding.

I. I NTRODUCTION

T

HE LDPC codes [1], [2] decoded by message-passing
algorithms have excellent error correcting capabilities
[3]. A wide variety of communication systems including WiFi, 10G Ethernet and digital video broadcasting have adopted
LDPC codes as part of their standard specifications. However,
the LDPC codes tend to exhibit error floors in their error rate
curves as the signal-to-noise-ratio (SNR) increases. This characteristic behavior presents serious issues in applications that
target very low error rates like wireless systems where data
retransmission is highly undesirable due to low latency requirements or storage devices where retransmission is simply not
an option. It has been observed that the error floor is mainly
caused by special sets of hard-to-correct error events, called
near codewords, pseudo codewords or trapping sets [4]–[6].
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Several methods for lowering error floor using decoder modifications have been introduced. In [8], the bi-mode, bit-pinning
and generalized-LDPC (G-LDPC) decoding strategies are discussed. While the bit-pinning method requires additional outer
coding based on the prior knowledge of the trapping sets, the
other two methods focus on decoder modification and thus
can be used to decode any LDPC coded signals in principle,
provided the trapping sets are already characterized.
The two-step decoding strategy described in [20] has also
been shown to lower the error floor of certain regular LDPC
codes. In the first step, a conventional message-passing decoder
runs through a fixed number of iterations. If decoding fails in
the first step, some VNs near unsatisfied CNs are collected
into a set and are allowed to receive fixed, magnified messages
from unsatisfied CNs and fixed, attenuated messages from satisfied CNs. Again, this method requires prior knowledge of the
trapping set in determining the bias levels. Note that characterizing trapping sets in itself is a very difficult task [15], [16].
McGregor and Milenkovic [15] have shown that even approximating the size of trapping sets in the Tanner graph, let alone
evaluating them, is an NP-hard problem.
Planjery et al. introduced a finite alphabet iterative decoder
(FAID) [27] wherein the VN-to-CN message is not updated
as in the conventional message passing algorithms but instead
assigned a value from a finite alphabet according to the given
CN-to-VN messages and channel output value. Assigning the
finite alphabet to a specific VN-to-CN message requires the
knowledge of the trapping sets in the given code’s factor graph.
The results reported in [27] show that for a number of columnweight-three codes a 3-bit FAID yields better performance in
the error floor region than the floating point belief propagation decoder over the binary symmetric channel (BSC). This
scheme, however, requires knowledge of the trapping sets;
in addition its applicability to more general additive white
Gaussian noise channel (AWGNC) is not clear.
A two-bit bit-flipping (TBF) algorithm of [26] uses an extra
bit for representing the VN-to-CN message strength. Another
two-bit information is also employed at each CN for storing
its previous and present states. Different bit-flipping functions
have also been devised in [26] based on the knowledge of the
trapping sets. The main idea is that the multiple functions run
sequentially or in parallel with each function targeting a different set of errors. Again, the TBF scheme is applicable to BSC
only, and it also depends on the trapping set knowledge.
The backtracking method of [9] is able to lower the error
floors of various types of LDPC codes without prior knowledge
of the trapping sets. In this approach, two backtracking steps are
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implemented if the message passing decoder fails. At the first
backtracking step, for every adjacent (directly connected) VN
of unsatisfied CNs, the sign of the channel log-likelihood ratio
(LLR) is flipped one by one. Since each flipping is followed
by an independent run of message passing, the total number of
decoding iterations depends on the number of unsatisfied CNs,
the node degree of each unsatisfied CN and the number of iterations in each independent run of message passing. The second
backtracking, which ensues if the first backtracking step fails, is
based on a more narrow selection of VNs for flipping, but each
flipping still requires independent message passing. The backtracking is a very efficient technique for lowering error floors if
it is applied to trapping sets with a small number of unsatisfied
CNs. However, for some regular codes of which the dominant
trapping sets have a large number of unsatisfied CNs, the backtracking technique requires a huge number of flipping trials
and decoding iterations. In a subsequent work [10], the same
authors introduce two techniques called early trap detection
and variable node degree based flipping. While the former cuts
down the number of decoding iterations, the latter reduces the
number of flippings. However, the required number of iterations
for the backtracking is still large. The experimental result in
[10] shows that, for example, more than 300 decoding iterations
are required to lower the error floor of the (n = 1944, k = 972)
IEEE 802.11n LDPC code [13] by an order of magnitude.
In [22], Zhang and Siegel established the condition for breaking trapping sets1 on the BSC and the AWGNC using messagepassing decoders under some reasonable assumptions. Consider
a computation tree [24] with an incorrect VN of a trapping set as
root. If the root has at least one adjacent CN with degree-one (in
the subgraph associated with a trapping set) that does not have
any incorrect VN among all its own descendant nodes within k
decoding iterations, then the root VN is said to be k-separated.
Note that a degree-one CN adjacent to a trapped erroneous VN
is an unsatisfied CN. It is shown in [22] that if all incorrect
VNs in the trapping set are k-separated for sufficiently large
k, then the errors in the trapping set are successfully corrected
by a message-passing decoder under a mild assumption (in the
low-error-rate regime) that all VNs outside the given trapping
set receive uniformly reliable messages from the channel. This
successful linking of the “separation” of the trapped VNs to the
ability to escape from the trapping set provides a powerful key
to developing effective trapping-set-breaking solutions, including the method presented in this paper. Unfortunately, however,
the VNs in the dominant trapping sets of the LDPC codes in
practice are often not sufficiently separated. For example, the
VNs in the (12,4) trapping set of the Margulis code [6] are only
2- or 3-separated while all VNs in the (8,8) trapping set of the
(n = 2048, k = 1723) Reed-Solomon (RS) based LDPC code
[14] are just 1-separated.
A non-uniform quantization scheme referred to as quasiuniform quantization is also introduced in [22]. In this
scheme, (q + 1)-bit quantization utilizes 2q uniform quantization intervals as well as 2q exponentially-widening quantization
1 Throughout this paper, the “breaking” of a trapping set is taken to mean correction of one or more trapped VN errors, which is a prerequisite for eventual
correction of the entire VNs in the trapping set.
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intervals, effectively enlarging the dynamic range of the quantization process without increasing the bit resolution. While
this scheme appears highly effective in lowering error floors in
many different types of LDPC codes, in order for the method
to work well, the internal bit resolution needed in the computation of the sums of the LLRs in the VN-to-CN message
passing stage has to be maintained at a level much higher
than required by the (q + 1)-bit quantization scheme. For this
reason, performance advantages of the quasi-uniform quantization method over conventional uniform quantization are not
clear when the same bit resolution is maintained in the computation of the intermediate soft-decision quantities within the
message-passing operation.
The contributions and distinguishing features of our work
are as follows. In relation to the work of [22], we introduce
in this paper algorithms for extending the VN separation k by
modifying the parity-check matrix. We show that by strategically removing some CNs near an incorrect VN, k can be
extended. Since it is not possible to know the location of incorrect VNs a priori, we introduce two probabilistic approaches
for generating the modified parity-check matrix. In applying
the proposed schemes, an irregular modified factor graph may
arise whether the original factor graph is regular or irregular.
Since the k-separation condition of [22] can guarantee the correction of trapped VNs in the regular factor graphs only, we
introduce a related notion of k-strong-separation for establishing sufficient conditions to break the trapping sets in irregular
factor graphs as well. For practical application of the devised
CN removal strategies, we suggest collaborative decoding using
both the original parity-check matrix and the modified paritycheck matrix. Message-passing on the modified parity-check
matrix allows escape from the trapping set whereas the original parity-check matrix ensures reliable recovery across all
codewords. Simulation results show that our method based on
switching back and forth between the two decoding modes
matched to two parity-check matrices effectively lowers the
error floors of all regular and irregular LDPC codes tested. The
proposed scheme can be implemented as two separate collaborating decoders or as a single decoder operating under two
different modes corresponding to the original and the modified factor graph. Similar to the use of multiple FAIDs in [25]
and the TBF of [26], our method can be viewed as utilizing
multiple decoders for correcting trapping sets. However, again
we stress that our method does not require prior knowledge of
the trapping sets. In addition, while the FAID and TBF have
been applied only to BSC, we confirm that our scheme works
well on AWGNC. Compared to the scheme of [20], although
our method requires more decoding iterations for the same
improvement on the error floor, the scheme in [20] requires
prior knowledge of the trapping set for selecting an appropriate value for biased message. Moreover, since the bias value is
determined by the structure of a single trapping set, the scheme
in [20] does not guarantee performance on the codes having
various trapping sets such as irregular LDPC codes. In addition, our method has been validated against a wider variety of
LDPC code types, which is important as not many known error
floor reductions algorithms are robust enough to work well for
different types of codes. Compared to the backtracking scheme
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of [10], we achieve the same order of error floor reduction using
a considerably smaller number of extra decoding iterations.
The paper is organized as follows. In Section II, we provide a quick overview on the message passing algorithm, the
trapping set and the separation of the VNs in the trapping
set. In Section III, we introduce the parity-check matrix modification techniques that can correct the trapped VNs. The
proposed methods are presented in the form of theorems and
propositions. In Section IV, we describe collaborative decoding
utilizing both the original parity check matrix and the reduced
modified parity check matrix. Experimental results are given in
Section V. Conclusions are drawn in Section VI.
II. P RELIMINARIES
A. Message Passing Algorithm

Pr(xi = 0|ri )
Pr(xi = 1|ri )

(1)

where xi and ri represent the coded bit and the channel output,
respectively, for VN i.
(l)
Let qi→ j be the message that VN i passes onto CN j at lth
(l)

iteration, and s j→i the message that CN j sends to VN i at lth
iteration. Then the message sent from VN i to CN j is given by

(l)
(0)
(l−1)
sk→i
(2)
qi→ j = L i +
k∈M(i)\ j

where the set M(i) is the group of CNs tied to VN i and M(i) \
j means the set M(i) excluding CN j.
The message from CN j to VN i in the sum-product algorithm (SPA) version of the message-passing is described as
⎞
⎛






 (l) 
(l)
(l)
sign qk→ j · φ ⎝
φ qk→ j  ⎠ (3)
s j→i =
k∈N ( j)\i

k∈N ( j)\i

k∈N ( j)\i

where 0 < α < 1 is the scaling factor. When α = 1, (4) reduces
to the CN-to-VN message passing for the MSA.
(l)
(l)
After computing qi→ j and s j→i for all i and j, the overall
message for VN i can be calculated as
 (l)
L i(l) = L i(0) +
sk→i
(5)
k∈M(i)

For the sake of maximum readability as well as establishing
notations, we start with a quick overview of the messagepassing decoding. The message passing algorithm for the
LDPC codes is run iteratively in such a way that the CNs and
the VNs exchange the messages at every iteration. The overall message passing algorithm is basically separated into two
steps: the CN-to-VN message passing and the VN-to-CN message passing. In the VN-to-CN message passing, a VN sends
information to a particular CN, as it collects information from
all other CNs it is connected to. In this way, when a VN passes
information to a CN, it is ensured that there is no information
in that message that has come from the same CN.
(0)
Let L i denote the channel observation for VN i in the form
of log-likelihood ratio (LLR) defined as
L i(0) = log

the latter. There is a simple technique for enhancing performance of the MSA called the scaled (or attenuated) min-sum
algorithm (SMSA) based on a scaling-down of the magnitude
of the CN-to-VN messages.
The message from CN j to VN i for the SMSA is described as





 (l) 
(l)
(l)
sign qk→ j · α · min qk→ j  (4)
s j→i =

k∈N ( j)\i

where φ(x) = − log[tanh(x/2)], the set N ( j) is the group of
VNs tied to CN j and N ( j) \ i means the set N ( j) excluding
VN i.
Although the min-sum algorithm (MSA) based decoder
requires a less computational power than the SPA-based
decoder, its error correcting performance is worse than that of

where L i(l) represents the LLR for VN i at the lth iteration.
B. Trapping Set and Its Separation Vector
The trapping set was first defined in [4] as a set of VNs
that do not get eventually corrected despite extensive decoding
iterations. While a CN connected to an even number of incorrect VNs is always satisfied (or mis-satisfied, to be accurate),
a CN connected to an odd-number of incorrect VNs is always
unsatisfied.
An (a, b) trapping set is a set of a VNs which induces a subgraph that includes b unsatisfied CNs and any possible number
of satisfied CNs. During iterative decoding, messages from the
unsatisfied CNs try to change the states of their adjacent VNs
to satisfy the parity constraints. On the other hand, the satisfied CNs tend to keep current hard decisions of the decoder
associated with their adjacent VNs and reinforce the current
states. The satisfied CNs in a trapping set, which are in fact
mis-satisfied CNs, create a major issue and contribute to the
error floor because they tend to maintain the current states of
the nodes that reflect an incorrect codeword.
We use the term elementary trapping set which is known to
be the main cause of the error floor [17]–[19]. Let G = (V ∪
C, E) denote the Tanner-graph of an LDPC code with the sets
of VNs V = {v1 , v2 , . . . , vn }, of CNs C = {c1 , c2 , . . . , cm } and
of edges E. Let S be the subgraph induced by the trapping set
and VS be the set of VNs in S. Also, let C S be the sets of CNs
adjacent to the VNs in VS . Define C1 ⊂ C S to be the set of
unsatisfied CNs with degree-one in S and V1 ⊂ VS the set of
adjacent VNs of the CNs in C1 .
Definition 1 (Elementary trapping set): A trapping set is an
(a, b) elementary trapping set if there are a VNs inducing b
unsatisfied CNs such that all CNs have either degree one or two
in the corresponding subgraph S.
Fig. 1 shows two elementary trapping sets in actual LDPC
codes. The circles are VNs, the filled squares are unsatisfied
CNs and the empty squares are mis-satisfied CNs. The (12,4)
and (8,8) trapping sets are the most dominant trapping sets of
the (2643,1320) Margulis and the (2048,1723) RS-based LDPC
codes, respectively [6], [21]. While four of the VNs in the (12,4)
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TABLE I
D OMINANT T RAPPING S ETS AND T HEIR S EPARATION V ECTOR

The size of s(V1 ) is the same as |C1 |, the size of C1 , in subgraph S. Table I shows some representative LDPC codes and
their dominant trapping sets along with the corresponding separation vectors. Note that, the separation vector is determined
not only by the subgraph involving the trapping set but also by
that of the graph structure outside the trapping set.
III. PARITY-C HECK M ATRIX M ODIFICATION

Fig. 1. The most dominant trapping sets of the Margulis and (2048,1723)
RS-based codes are the (12,4) and (8,8) trapping sets, respectively. Both are
elementary trapping sets. The circles are erroneous VNs, the filled squares are
unsatisfied CNs and the empty squares are mis-satisfied CNs.

trapping set are connected to degree-one CNs, all VNs in the
(8,8) trapping set are connected to degree-one CNs. Since the
elementary trapping sets are known to be the dominant cause
of the error floors [17]; as in the developments of other known
floor lowering techniques [18], [19], [27], we also focus on the
elementary trapping sets. All trapping sets referred to in this
paper are elementary trapping sets, unless noted otherwise.
A computation tree T (v) is a tree with its root at VN v having as descendant nodes the participating CNs and VNs in the
message-passing decoder [24]. The level of a computation tree
is increased as the number of decoding iterations is increased.
In particular, a subgraph of T (v) having a set of nodes visited
through k decoding iterations of a message passing decoder
is called a k-iteration computation tree and denoted by Tk (v)
[22]. While the root of a computation tree is a VN in the original definition, it is useful for our purposes to make an obvious
extension of the notion of the computation tree so that the root
of a computation tree can also be a CN.
In [22], a useful notion of separation for a VN v ∈ V1 in the
trapping set VS is introduced and a lower bound on the magnitude of the correct message sent from an unsatisfied CN to
v has been established using this notion. The authors of [22]
also show an upper bound on the incorrect message sent from a
mis-satisfied CN to v. Given a VN v ∈ V1 , if there is at least
one adjacent degree-one CN having no erroneous VN as a
descendant node in Tk (v), then v is said to be k-separated. The
same authors show that if k is sufficiently large, the root VN
can be corrected by the message-passing decoder over BSC or
AWGNC.
However, the critical issue is that most of the dominant trapping sets in practice are composed of erroneous VNs with small
separation. We define the separation vector s(V1 ) composed of
the separation values k for all v ∈ V1 in the trapping set VS .

In this section, we introduce two algorithms for modifying
the parity-check matrix for the purpose of enlarging the elements of the separation vector and hence promoting passing
of correct information to erroneous VNs in the trapping set. A
modified parity-check matrix in the proposed schemes is generated by removing some CNs in the original parity-check matrix.
Note that certain mis-satisfied CNs determine the separation
values of the trapping set and also cause the error floor.
In message-passing decoding, we can find the set of unsatisfied CNs, denoted by Cu , as well as its size |Cu | at every
decoding iteration. For the parity-check matrix modification,
let A(Cu ) denote the set of CNs which are candidates for deselection in the original parity-check matrix. Let A(Cu ) be the
set of all leaf CNs in Tti (ci ), i.e., all CNs in level ti , for all
ci ∈ Cu for some ti ∈ t. We call ti ∈ t the modification length
for ci and t the modification vector. If t is set equal to s(V1 ),
then the particular mis-satisfied CNs that determine the separation vector would be included in A(Cu ), which is a desired
scenario. For example, let V1 be the (8,8) trapping set of the
(2048,1723) RS-based code which has the separation vector
s(V1 ) = (1, 1, 1, 1, 1, 1, 1, 1). In this case, every VN v ∈ V1 is
1-separated. By setting t = (1, 1, 1, 1, 1, 1, 1, 1), A(Cu ) would
include all CNs within 1 decoding iteration from an unsatisfied CN adjacent to each VN in V1 , and all mis-satisfied CNs
causing 1-separation are automatically included in A(Cu ) (see
Fig. 2). Now we suggest two strategies for modifying the paritycheck matrix: one is referred to as fixed-number CN removal
(FNCR) and the other is termed variable-number CN removal
(VNCR).
Let H and Hm denote the original parity-check matrix and
the modified parity-check matrix, respectively. Recall that when
the LDPC decoder based on H is stuck in trapping set VS , we
can easily generate the computation trees T (ci ), ci ∈ Cu , based
on the observed set of unsatisfied CNs Cu . The construction of
Hm based on FNCR is described in Algorithm 1. We call d f the
deselection degree of FNCR.
Theorem 1: Let G be the Tanner graph of a regular LDPC
code that contains a subgraph S induced by a trapping set. Let
kr ∈ s(V1 ) be the separation value for vr ∈ V1 ⊂ S. Assume
that there is at least one VN in Tkr (vr ) which is not connected to
the mis-satisfied CN that is the adjacent CN of incorrect VNs.
If the modification vector t is equal to the separation vector
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Fig. 2. A 1-iteration computation tree T1 (c1 ) with root at an unsatisfied CN
c1 in a (8,8) trapping set. Since c1 is degree-one CN, one of the VN vi ,
i ∈ {1, . . . , n} should be the VN of the trapping set. The set of CNs in T1 (c1 )
is denoted by A(c1 ) ⊂ A(Cu ). Since all VNs in the (8,8) trapping set are 1separated, A(Cu ) includes all mis-satisfied CNs causing 1-separation for the
root VN. For FNCR, d f child CNs are chosen for deselection for every vi . For
VNCR, every CN in A(Cu ) is subject to a Bernoulli trial for removal.

Algorithm 1. FNCR
initialization: Set Hm identical to H . Set the modification
vector t.
for i = 1 to |Cu | do
Generate Tti (ci ) based on H where ci ∈ Cu and ti ∈ t,
respectively;
For every VN in the last level of Tti (ci ), select d f child
CNs randomly;
end for
Removed the selected CNs from Hm .
s(V1 ) and FNCR is run repetitively, there exists at least one
vr ∈ V1 ⊂ S for which separation will be increased within a
finite number of runs as long as 1 ≤ d f < dv − 1, where dv is
the VN degree of the original parity-check matrix and d f is the
deselection degree of FNCR.
Proof: Consider a computation tree T (cr ) with its root at
CN cr , where cr ∈ C1 is the adjacent unsatisfied CN of vr . Let
n kr (cr ) be the number of mis-satisfied CNs in Tkr (cr ). From
the definition of separation and the given assumption, we know
that n kr −1 (cr ) = 0, and less than or equal to n kr (cr ) VNs are
connected to one or more mis-satisfied CNs in Tkr (cr ).
For each VN that connected to several mis-satisfied CNs, the
probability that the mis-satisfied CNs are removed by FNCR is
given by
 df + 1 −i
dv − 1 − L
dv − 1
=
/
dv − i
df − L
df
L

(6)

i=1

where L represents the number of mis-satisfied CNs connected
to the certain VN. Then we can compute the probability that the
separation of vr is extended by FNCR:
ps (vr ) =

Lq
q 

i=1 j=1

df + 1 − j
dv − j

(7)

where q and L q represent the number of VNs connected to
several mis-satisfied CNs and that of the mis-satisfied CNs connected to the certain VNs. Note that, L 1 + L 2 + . . . + L q =
n kr (cr ).

Fig. 3. Plots show probabilities of separation-extension for the (8,8) trapping
set of the (2048,1723) RS-based code versus the number of trials for paritycheck matrix modification based on FNCR and VNCR, respectively. m represents the number of trials for modification and Pm is the separation-extension
probability given m trials.

We can further compute the probability that there exists at
least one variable node vr ∈ V1 ⊂ S for which separation is
increased within m FNCR trials:
⎡
⎤m

{1 − ps (vr )}⎦
Pm = 1 − ⎣
(8)
vr ∈V1 ⊂S

Since 0 < ps (vr ) < 1, Pm goes to 1 as m increases, completing
the proof.

We investigate how fast FNCR can extend the separation of
erroneous VNs in the trapping set according to the specified
d f . Fig. 3(a) shows the number of FNCR trials for separationextension of the VNs in the (8,8) trapping set of the (2048,1723)
RS-based LDPC code. As shown in the figure, if d f is set larger,
the separation-extension probability gets higher and the speed
of separation-extension becomes faster (see (8)). However, if
d f is too large, the general performance of a message-passing
decoder will suffer. From (5), it is seen that the CN degree determines the magnitude of the overall LLR for a VN. Since a large
d f results in a small magnitude for the decoder output in a given
iteration, setting d f to a large value has a detrimental effect
on the decoder performance given a fixed number of decoding
iterations.
From the practical point of view, Algorithm 1 requires the
modification vector which comes from the separation vector
which in turn is from the knowledge of the trapping set. In
the absence of the trapping set knowledge, however, we can
simply start with an all-ones modification vector, the method
which is justified by Corollary 1 below. We first establish a new
definition on weak CN.
Definition 2 (Weak CN): Given a Tanner graph G and a subgraph S induced by a trapping set, consider a computation tree
T (cr ) with its root at CN cr , where cr is the adjacent unsatisfied CN of vr ∈ V1 ⊂ S. If a CN in the l th level of T (cr ) has the
shortest path of all CNs in the same level to any v ∈ VS among
its descendant nodes, then it is called “weak CN in the l th level
of T (cr )”.
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It is obvious that there exists at least one weak CN in every
level of the tree if separation is finite. Note that, since the nearest v ∈ VS from the unsatisfied CN cr in T (cr ) determines
the separation value, removing weak CN results in separation
extension. Corollary 1 shows that FNCR with all-ones modification vector removes the weak CN (i.e., the separation is
extended) within a finite number of runs of FNCR.
Corollary 1: Let G be the Tanner graph of a regular LDPC
code that contains a subgraph S induced by a trapping set.
Assume that there is at least one VN in the first level of T (cr )
that is not connected to the weak CN. If the modification vector
t is set to all-ones vector and FNCR is run repetitively, there
exists at least one vr ∈ V1 ⊂ S for which separation will be
increased within a finite number of runs as long as 1 ≤ d f <
dv − 1, where dv is the VN degree of the original parity-check
matrix and d f is the deselection degree of FNCR.
Proof: Consider a computation tree T (cr ) with its root
at cr , where cr ∈ C1 is an adjacent unsatisfied CN of vr .
Let w1 (cr ) be the number of weak CNs in the first level of
T (cr ). We can simply complete the proof using Theorem 1 by
replacing n kr (cr ) with w1 (cr ) and (7) with
ps (vr ) =

Mq
q 

i=1 j=1

df + 1 − j
dv − j

(9)

where q and Mq represent the number of VNs connected to
several weak CNs and that of the weak CNs connected to the

certain VNs. Note that, M1 + M2 + . . . + Mq = w1 (cr ).
With a successful and sufficient separation, the resulting
Tanner graph will allow a breaking of the trapping set. This is
a rather direct consequence of Theorem 1 of [22] when applied
to our modified factor graph, and we state it more formally as a
proposition.
Proposition 1: Let G m be the Tanner graph of an LDPC
code which is based on a modified parity-check matrix generated by FNCR. Let Sm be the subgraph associated with the
trapping set. Assume that the channel is either a BSC or an
AWGNC, and that the messages from the channel to all VNs
outside Sm are correct. Provided that a VN vr ∈ V1 ⊂ Sm satisfies k-separation for a large k on G m , the corresponding MSA
(or SMSA) decoder will correct vr .
Proof: The proof simply follows that of Theorem 1 in [22]
after replacing dv , the VN degree, with dv − d f , the reduced
VN degree due to the application of FNCR in our case.

FNCR is simple, but unfortunately not suitable for some
irregular LDPC codes such as the one based on the irregularrepeat-accumulate (IRA) [11] structure, which yield many
degree-2 VNs. To this end, we introduce a more flexible algorithm called VNCR that can be easily applied to both regular
and irregular codes. The construction of a modified paritycheck matrix Hm based on VNCR is given in Algorithm 2.
Recall that t is the modification vector which can be set once
s(V1 ) of the trapping set is known or set to all-ones vector given
no precise prior knowledge of the dominant trapping sets.
Theorem 2: Let G be the Tanner graph of an LDPC code that
contains a subgraph S induced by a trapping set. Let kr ∈ s(V1 )
be the separation value for vr ∈ V1 ⊂ S. Assume that there is at
least one CN in Tkr (vr ) which is not connected to erroneous

Algorithm 2. VNCR
initialization: Set Hm identical to H . Set the modification
vector t.
for i = 1 to |Cu | do
Generate Tti (ci ) based on H where ci ∈ Cu and ti ∈ t,
respectively;
Let every leaf CN in Tti (ci ) be subject to a Bernoulli trial
that returns 1 with probability pr ; store its returned value;
end for
Remove the CNs with a returned value of 1 from Hm .
VN. If the modification vector t is set equal to the separation vector s(V1 ) and VNCR is run repetitively, there exists at
least one vr ∈ V1 ⊂ S for which separation is increased within
a finite number of runs, provided 0 < pr < 1, where pr is the
probability of deselection.
Proof: Consider a computation tree T (cr ) with its root at
CN cr , where cr ∈ C1 be the adjacent unsatisfied CN of vr . Let
n kr (cr ) be the number of mis-satisfied CNs in Tkr (cr ). We know
that n kr −1 (cr ) = 0 and n kr (cr ) > 0 from the given assumption
and by the definition of separation. Since each mis-satisfied CN
in Tkr (cr ) is subject to a Bernoulli trial with probability pr , the
probability that the separation for vr is extended by VNCR is
given by
ps (vr ) = pr n kr (cr ) .

(10)

We can write the probability that there exists at least one variable node vr ∈ V1 ⊂ S such that its separation is increased
within m VNCR trials as
⎡
⎤m

{1 − ps (vr )}⎦ .
(11)
Pm = 1 − ⎣
vr ∈V1 ⊂S

Since 0 < ps (vr ) < 1, Pm goes to 1 as m increases. This
completes the proof.

Fig. 3(b) shows the number of VNCR trials for separationextension of the VNs in the (8,8) trapping set of the (2048,1723)
LDPC code. As pr increases, the speed of separation-extension
for VNCR gets higher. This behavior is consistent with one’s
expectation based on (10) and (11) above. However, a large
pr induces a small magnitude for the overall LLR for a VN
in a given iteration. Thus, setting an appropriate pr is important to maintain the decoder performance in a fixed number
of message-passing iterations. While d f for FNCR should be
an integer in the range 1 ≤ d f < dv − 1, the parameter pr for
VNCR can be chosen more flexibly in the range 0 < pr < 1.
As with FNCR, we can apply VNCR with all-ones modification vector given the lack of the trapping set knowledge.
Corollary 2 ensures that VNCR with all-ones modification vector extends the separation within a finite number of runs of
VNCR.
Corollary 2: Let G be the Tanner graph of an LDPC code
that contains a subgraph S induced by a trapping set. Assume
that there is at least one CN in T (cr ) which is not a weak
CN. If the modification vector t is set equal to all-ones vector and VNCR is run repetitively, there exists at least one vr ∈
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Fig. 4. Two sides of computation tree T (vr ): (a) unsatisfied CN side and (b) mis-satisfied CN side.

V1 ⊂ S for which separation is increased within a finite number of runs, provided 0 < pr < 1, where pr is the probability
of deselection.
Proof: Consider a computation tree T (cr ) with its root at
CN cr , where cr ∈ C1 be the adjacent unsatisfied CN of vr .
Let w1 (cr ) be the number of weak CNs in the first level of
T (cr ). We can simply complete the proof using Theorem 2 by
replacing (10) with
ps (vr ) = pr w1 (cr ) .

(12)

Like in the case of FNCR, successful and sufficient separations of the trapped VNs using VNCR would allow escape from
the trapping set. There is an important caveat here, however.
Namely, unlike in the FNCR case, we cannot simply invoke
Proposition 1 to assure correction of the trapped VN even under
the successful and sufficient separation. This is because the
application of VNCR inevitably generates an irregular modified factor graph, and a large separation alone would not be
able to guarantee that the message arriving from the unsatisfied
CN is larger than the overall messages from the mis-satisfied
CNs for an irregular VN degree distribution. This is a consequence of the fact that Theorem 1 of [22], based on which
Proposition 1 is constructed, cannot ensure trapped-error correction when VN degrees are not uniform. Nevertheless, while
Proposition 1 cannot be utilized directly, imposing a somewhat
narrower condition than the k-separation on the structure of the
modified graph allows constructing a similar proposition. To
this end, we first establish the following new definitions:
Definition 3 (k-strong): Given a Tanner graph G and a subgraph S induced by a trapping set, let Tk (c1 ) and Tk (c2 ) be
subtrees of T (v) where the unsatisfied CN c1 ∈ C1 and the missatisfied CN c2 ∈ (C S \ C1 ) are child nodes of VN v ∈ V1 . The
VN v is said to be k-strong, if the minimum VN degree of Tk (c1 )
is greater than or equal to the maximum VN degree of Tk (c2 ).

Definition 4 (k-strongly-separated): Given a Tanner graph G
and a subgraph S induced by a trapping set, a VN v ∈ V1 is said
to be k-strongly-separated, if the VN v is both k-separated and
k-strong.
Fig. 4 illustrates these definitions. Consider an erroneous VN
vr and its computation tree T (vr ) in Fig. 4. Both the unsatisfied CN side (i.e., the computation tree rooted at c1 ) and the
mis-satisfied CN side (i.e., the computation tree rooted at c2 ,
which is assumed to be the sole mis-satisfied CN in this example) are shown. On the unsatisfied side, T2 (vr ) does not contain
any other erroneous VN while T3 (vr ) has one erroneous VN.
Accordingly, vr is 2-separated. Also, notice that the minimum
VN degree of T2 (c1 ) is 3, the same as the maximum VN degree
of T2 (c2 ), meaning that vr is 2-strong. Hence, the erroneous VN
vr in Fig. 4 is 2-strongly-separated.
Clearly, any VN in a regular LDPC code is k-strong for any k,
because all VN degrees are the same. Therefore, if a trapped VN
of any regular LDPC code is k-separated, it is also k-stronglyseparated.
For a trapped VN that is k-strongly-separated for sufficiently large k, the message-passing algorithm can correct it,
as formally stated below.
Proposition 2: Let G m be the Tanner graph of an LDPC
code which is based on a modified parity-check matrix generated by VNCR. Let Sm be the subgraph associated with the
trapping set. Assume that the channel is either a BSC or an
AWGNC, and that the messages from the channel to all VNs
outside Sm are correct. Provided that a VN vr ∈ V1 ⊂ Sm is kstrongly-separated for a large k on G m , the corresponding MSA
(or SMSA) decoder will correct vr .
Proof: Let c1 ∈ C1 and c2 ∈ (C S \ C1 ) denote the adjacent unsatisfied and mis-satisfied CNs of vr , respectively. The
corresponding trees are denoted by T (c1 ) and T (c2 ), respectively. Let d1 be the smallest VN degree in T (c1 ) and d2 the
greatest VN degree in T (c2 ).
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According to the proof of Theorem 1 in [22], for a regular
LDPC code under the SMSA decoder, the magnitude of the
incoming correct message to vr can be written as
|L l | = |L 0 | + α(dv − 1)|L l−1 |
> [α(dv − 1)]l |L 0 |

(13)

where |L l | and |L 0 | denote the magnitudes of the incoming correct message at lth iteration and of the channel observation,
respectively, and α is the scaling factor for the SMSA.
Now, for the modified irregular factor graph at hand, it is
clear that the lower bound should instead be
|L l | > [α(d1 − 1)]l |L 0 |.

(14)

As for bounding the amount of the incorrect message coming into vr for a regular LDPC code, the authors of [22] use the
fact that since each mis-satisfied CN in a (a, b) trapping set is
connected to all other erroneous VNs of the trapping set within
j ≥ a decoding iterations, there is at least one CN passing correct message having a sign opposite to that of the message from
the mis-satisfied CN. Considering the computation tree rooted
at vr as a super-node with (dv − 1) j child VNs, the upper bound
on the magnitude of the incoming incorrect message to vr has
been shown to be
|L  l | < |L 0 |[α(dv − 1) j − 1]

l/j

(15)

where |L  l | represents the magnitude of the incoming incorrect
message at lth iteration and l/j is the smallest integer greater
than or equal to l/j.
We make a modification similar to the one leading to the
lower bound in (14) to derive an upper bound on the incorrect
incoming message to vr for our modified trapping set structure.
Specifically, replace dv in (15) with d2 to get
|L  l | < |L 0 |[α(d2 − 1) j − 1]

l/j

.

(16)

Since d1 ≥ d2 by assumption, |L l | of (14) is greater than |L  l |
of (16) with a large l, i.e., the incoming correct message overwhelms the incorrect one, in which case vr will be corrected. A
similar proof can be constructed for the SPA.


IV. C OLLABORATIVE D ECODING
In the previous section, we have shown that decoding based
on a modified parity-check matrix that results from the proposed CN removal strategies effectively changes the structure
of the trapping set. In particular, the established theorems guarantee that the separations of one or more trapped VNs will be
enhanced using the suggested probabilistic CN removal methods. This result, combined with the main theoretical results of
[22] linking large separation with ability to break trapping sets,
suggests that decoding on the modified parity check matrix with
some CNs removed will tend to lower error floors, as stated in
the propositions of the last section. As with the work of [22],
however, our work still could not tell precisely how large the
separation k should be for a given code and trapping structure

Fig. 5. System model: the main decoder runs through its own internal iterations
until decoding succeeds, runs through a predetermined number of iterations
or gets stuck in a trapping set. After the main decoder run, the extrinsic
information is passed to the sub-decoder. The sub-decoder uses the extrinsic
information of the main decoder as well as the LLR values from the channel.
The sub-decoder stops when the iteration number exceeds some predetermined
level, and passes its extrinsic information back to the main decoder. The whole
process is repeated until all errors are corrected or the total number of iterations
reaches a set level.

and how to achieve a particular separation value using the proposed CN removal strategies. Furthermore, for irregular codes
and/or application of VNCR, it has been shown that being kstrong is sufficient for a trapped but k-separated VN to ensure
its eventual correction, but it is not clear whether being k-strong
is critical in providing a high probability of success in breaking
trapping sets in practice.
Finding precise solutions analytically to these questions is
difficult, and a resort is made to computer simulation to see
whether the error floor behaviors improve using the proposed
methods. Extensive simulations in fact reveal that for many
different types of LDPC codes running a message-passing algorithm on a reduced parity check matrix after removing certain
CNs as proposed does in most cases results in a breaking of the
trapping sets, including the ones that are known to be tough
to break (without prior knowledge of the trapping set structure), like the dominant trapping sets of the Margulis code.
We do, however, also recognize that the modified parity-check
matrix admits some codewords that are not valid according to
the original parity-check matrix and this results in poor overall performance in error rate simulation studies. To get around
this practical issue, we suggest taking advantage of both parity check matrices, the original one with reliable overall error
rate performance and the modified one that is highly effective
in breaking the trapping set when stuck. We specifically introduce the notion of collaborative decoding using two decoders
based on two parity-check matrices.
We simply call the decoder based on the original parity-check
matrix the main decoder and that based on the modified paritycheck matrix the sub-decoder. Fig. 5 describes the collaborative
LDPC decoding. The system is a concatenation of the main
decoder and the sub-decoder. The vector r refers to the LLR
values from the channel and x̂ is the decisions made by the
decoding system.
In the first step, the main decoder runs through its own internal iterations until decoding succeeds, runs through a predetermined number of iterations, N1 , or gets stuck in a trapping set.
When the number of unsatisfied CNs remains unchanged over
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some predetermined number of iterations, the main decoder is
assumed stuck in a trapping set. In this case, the extrinsic information is passed to the sub-decoder. The sub-decoder uses the
extrinsic information of the main decoder as the a priori information. The LLR data from the channel form another input to
the sub-decoder.
The sub-decoder stops when the iteration number exceeds
some predetermined level, N2 , and passes its extrinsic information back to the main decoder. This whole process is repeated
until all errors are corrected or the total number of iterations
reaches the maximum set iteration number, Nt . The system does
not require additional parity bits for the sub-decoder. An estimated number of sub-decoder trials for separation extension of
the trapping set would be available through (7), (8), (10) and
(11) if the trapping set were known.
We note that while it is conceptually easier to view the decoding process as collaboration between two separate decoders,
implementation can equally be based on a single decoder
switching between two different modes, one based on the original factor graph and the other based on a reduced factor graph
with some of the CNs removed. In the switching mode implementation, the edges of the removed CNs can simply be blocked
off or the CN processing can be disabled on the specified nodes
in the message-passing operations while in the reduced factor
graph mode. Clearly, there is no additional burden in hardware
implementation.
In the next section, simulation results will be presented which
indicate that the suggested decoding methods indeed provide
powerful and efficient ways of reducing error floors of all
different types of LDPC codes tested.
V. E XPERIMENTAL R ESULTS
In this section, we set the modification vector to an allones vector for all our experiments to reflect practical scenarios
where the underlying trapping sets are not known a priori. In
addition, we simply fixed pr to 0.7 regardless of the code type
in running the VNCR algorithm. Fixing pr = 0.7 means 70%
of the candidate CNs attached to each VN under question (adjacent to unsatisfied CN) are removed. In the language of the
FNCR algorithm, this is roughly equivalent to d f = 3 for the
(2048,1723) RS-based LDPC code in hand (i.e., removing 3
or so candidate CNs), which was the value of the deselection degree used in running FNCR in the presented simulation
results. Note also that d f must be smaller than dv − 1, meaning that in the Margulis code tested d f can only be 1. For
the collaborative decoding, the iteration number for the main
decoder is capped at 50, while it is always fixed at 5 for the
sub-decoder. However, for the main decoder, if the number of
unsatisfied CNs does not change over 5 iterations, the decoder
stops; at that point the sub-decoder gets activated. The total
iteration number for collaborative decoding is the sum of the
iteration numbers for the main decoder and the sub-decoder.
The decoding schemes and the corresponding iteration numbers
are indicated for each curve. We use a 5-bit uniform quantization scheme denoted by Q4.1. The symbol Qm. f represents an
(m+ f )-bit uniform quantization with an m-bit signed integer
and an f -bit fraction. For example, Q4.1 means a uniform step
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Fig. 6. Error rate performance of collaborative decoding for the (2640,1320)
Margulis code.

size of 0.5 and a dynamic range of [−7.5 7.5]. This particular quantization strategy gives the best results among all 5-bit
precision uniform quantization methods.
Fig. 6 shows the error rate performance of the proposed
decoding compare to that of the conventional scheme based on
a single decoder for the (2640,1320) Margulis code [6]. The
plot presents the word error rate (WER) or the codeword failure rate versus E b /N0 over AWGNC. We set d f = 1 for FNCR
and pr = 0.7 for VNCR. In addition, we use the SMSA with
α = 0.75 for single-decoder-based decoding and collaborating
decoding using either FNCR or VNCR. We observe in the
figure that FNCR and VNCR lower the error floor by one order
and one and a half orders of magnitude, respectively, with 300
iterations. VNCR seems somewhat more effective than FNCR.
Since dv of the Margulis code is 3, d f should be 1 and no
other choices make sense. However, choosing pr of VNCR is
more flexible. The strategies of [8] also effectively lower the
error floor of the Margulis code, but we emphasize that our
method does not require any prior knowledge of the dominant
trapping sets. The inset figure includes for additional comparison the WERs of the backtracking scheme of [10] in the floor
region. Note that the backtracking scheme is the only method
in the existing literature that can reduce error floors without
explicit prior knowledge of the trapping sets. The backtracking
tries LLR flipping for every adjacent VN of the unsatisfied CNs
one by one. In addition, each trial requires independent decoding iterations. For our simulation of the backtracking method,
we set 20 for the iteration number of the independent decoding, which is the same parameter used in [10]. Backtracking is
performed until either all errors are corrected or the total number of iterations reaches the predetermined number. The results
indicate that the backtracking with 100 iterations shows no
improvement on the error floor but that with 300 iterations lowers the floor by about one half order of magnitude at 3 dB. At the
same SNR, the collaborative decoder based on VNCR shows
better WER performance by about one order of magnitude
compared to backtracking at 300 decoding iterations.
The dominant trapping sets of the Margulis code include a
relatively small number of degree-one CNs (Fig. 1(a)). In the
(12,4) or the (14,4) trapping set of the Margulis code, only
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Fig. 7. Error rate performance of collaborative decoding for the (2048,1723)
RS-based code.

Fig. 8. Error rate performance of collaborative decoding for the (1944,972)
irregular code.

4 VNs out of 12 or 14 are connected to degree-one CNs.
Therefore, only a small number of VNs have opportunity to
extend separation via FNCR or VNCR. However, for the (8,8)
trapping set of the (2048,1723) RS-based code (Fig. 1(b)), all
VNs are connected to degree-one CNs and our scheme works
particularly well within a small number of decoding iterations.
Fig. 7 compares the error rate results for the (2048,1723)
RS-based LDPC code [14]. We set d f = 3 for FNCR and
pr = 0.7 for VNCR. Again, we use the SMSA with α = 0.75.
We observe in the figure that the proposed decoding schemes
lower the error floor significantly. FNCR lowers the error floor
by about an order of magnitude with 100 decoding iterations.
VNCR achieves a floor reduction by more than one order of
magnitude with only 50 decoding iterations and more than two
orders of magnitude with 100 decoding iterations. We observe
that the VNCR curves are much steeper than the FNCR curves
at high SNRs. VNCR with 100 iterations exhibits no error floor
even at a 3.2 × 10−10 WER. Again, the WER curves in the inset
provides comparison between the collaborative decoder and the
backtracking scheme of [10]. The backtracking with 50 iterations hardly improves the error floor while with 100 iterations
lowers the floor slightly. We observe that between the collaborative decoder and the backtracking scheme, both under 100
iterations, the former gives an error floor improvement by about
one order of magnitude.
We also evaluated performance for an irregular LDPC code.
Fig. 8 shows the performance of the (1944,972) IEEE 802.11n
code [13], which is an irregular LDPC code based on the IRA
structure. In this experiment, the MSA is used for decoding
because we observe that the performance of MSA is definitely
better than that of the SMSA for this code. We observe in the
figure that the collaborative decoding lowers the error floor by
more than an order of magnitude with 50 iterations. In addition, the performance improvement continues as the decoding
iteration increases. The inset figure also shows that compared
to backtracking, the proposed collaborative decoder based on
VNCR improves the WER by a factor 8 in the floor region,
when the decoding runs are limited to 300.
Overall, the experimental results show that the proposed
scheme efficiently lowers error floor without prior knowledge

of the trapping sets across different types of LDPC codes. The
backtracking method of [10] also lowers error floor without
the knowledge of the trapping sets and can potentially achieve
improved floor reduction relative to our scheme, provided a
larger number of decoding iterations is allowed. We, however,
emphasize that our scheme works well with moderate numbers
of decoding iterations. Our experiments in fact confirm that the
collaborative decoder provides better floor reduction capability
than the backtracking scheme for a fixed number of decoding
runs.
While it is difficult to analytically show how large a
separation-extension guarantees breaking trapping sets, additional insights into the required separation are obtained through
extensive observations of how the bad VNs and separation
vectors evolve in the course of collaborative decoding. For
this, we collected over hundreds of trapping sets at error floor
regions and observed the number of erroneous VNs and separation vectors at each iteration of the collaborative decoder.
We confirmed that for the (2048,1723) RS-based LDPC and
Margulis code that even a one-level separation extension drives
the sub-decoder to correct several errors in a trapping set or pass
good information to the main decoder. Representative results
are depicted in Fig. 9 for the (8,8) trapping set corresponds to
the (2048,1723) RS-based LDPC code. In the simulation, subdecoders are constructed by VNCR with pr = 0.7 and message
passing is performed based on SMSA with Q4.1 quantization.
In Fig. 9, the y-axis labeled by Ne shows the number of
erroneous VNs at the end of I th decoding iteration where the
squares and the circles represent the main and sub-decoder turn,
respectively. The vertical-dashed lines indicate switching times
to the sub-decoder and then back to the main decoder. The success of separation-extension can be judged by the maximum
value of the separation vector denoted by S. In a typical errorcorrecting behavior depicted in Fig. 9(a), the main decoder
cannot escape the (8,8) trapping set and terminates the first pass
at the end of 8th iteration because the number of unsatisfied CN
does not change for 5 iterations. Then the sub-decoder takes
over using the extrinsic information from the main decoder and
corrects three errors in 5 iterations. We observe in the experiment that all the VNs in the (8,8) trapping set are 1-separated
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decoding modes. The factor graph on which the sub-decoding
mode operates is derived from the original graph based on
removal of certain CNs, and allows correct messages to be
enhanced, which helps break the trapping sets. The simulation results show that the collaborative LDPC decoding works
well for both regular and irregular codes. We stress that our
approach does not need prior knowledge of the trapping sets.
We provided formal discussions in the form of mathematical theorems, corollaries and propositions on the processes
by which the proposed decoder escapes from trapping sets.
Although the proposed scheme requires additional decoding
iterations, its performance is considerably better than that of
traditional decoding using a single decoder while requiring a
much smaller number of iterations to achieve a significant error
floor reduction than existing backtracking methods.
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